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O U T L I N E

• hydrodynamics 

• complex spectral curves and convergence of hydrodynamics 

• all-order hydrodynamics and microscopic quantum chaos:  
pole-skipping
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H Y D R O DY N A M I C S



• collective dynamics: liquids, graphene, neutron stars, quark-gluon plasma 

• low-energy limit of QFTs — a Schwinger-Keldysh effective field theory  
[Grozdanov, Polonyi (2013); Crossley, Glorioso, Liu (2015); Haehl, Loganayagam, Rangamani 
(2015); Jensen, Pinzani-Fokeeva, Yarom (2017); …] 

• expressed through conservation laws (equations of motion) of globally conserved 
operators 

• tensor structures (symmetries and phenomenological  
gradient expansions) with transport coefficients (microscopic)
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H Y D R O DY N A M I C S



• infinite, all-order hydrodynamic expansion 

• the series receives non-analytic corrections  
away form the large-Nc limit; long-time tails 

• conformal symmetry constrains the series 

• state of the art for relativistic neutral hydrodynamics
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Grozdanov, Kaplis, PRD 93 (2016) 6, 066012

first order

second order

third order

BRSSS (2007)

Navier-Stokes (1821)
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H Y D R O DY N A M I C S

• how does the all-order, infinite series behave?



• expansion of the Bjorken flow solution (of energy density) in proper time is 
asymptotic [Heller, Janik, Witaszczyk (2013); Heller, Spalinski (2015)]
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A N O T H E R  M O T I V AT I O N

• What does this actually mean? Is this a “good feature” of hydrodynamics or does 
this imply that hydrodynamics is inconsistent as an EFT? Is the Bjorken flow 
pathological (expansion around vacuum, boost invariance, …)? Can we conclude 
that hydro is “an asymptotic series” in something (proper time, momentum?), like 
perturbation theory? 

• we need to understand this more systematically and precisely

[from Heller, Janik, 
Witaszczyk (2013)]



A  T O O L :  H O L O G R A P H I C  D U A L I T Y

• holographic or gauge/gravity duality is a result of string theory, which is a  
quantum theory of gravity [Maldacena (1997)] 

strongly coupled quantum theory                                weakly coupled gravity 

                (extremely hard)                                                       (much easier) 

                                                                              

• weakly interacting gravity allows to analyse certain strongly coupled microscopic 
QFTs (e.g., N=4 supersymmetric Yang-Mills theory, ABJM, free bosons and 
fermions, …?)
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=<latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit>

=<latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit>

• duality: theory A = theory B



• sound: 

• shear:

!8

• holography is an extremely useful tool for studying  
the structure of thermal spectra 

• the spectrum of field theory correlators equals 
the quasinormal spectrum of frequencies  
of dual black branes, plotted for                         :  

• in             supersymmetric  
Yang-Mills theory at                :                  

N = 4

first order (1/1): 
second order (5/5): 
third order (5/20):

⌘ = �(1)
1 = #+#/�3/2 + · · ·

�(2)
i = #i +#i/�

3/2 + · · · , i = {1, . . . , 5}

�(3)
i = #i + · · · , i = {1, . . . , 5}

Buchel, Liu, Starinets (2004) 
Grozdanov, Starinets (2014) 
Grozdanov, Kaplis (2016)

Nc ! 1
<latexit sha1_base64="2Mk93ctrhViF6ck+JylKY0AzZPI=">AAAB9XicjVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SQV7Ac0sWy2m3bpZhN2J0oI/R9ePCji1f/izX/j9uOgouCDgcd7M8zMC1MpDLruh7OwuLS8slpaK69vbG5tV3Z2WybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0cXEb99xbUSibjBPeRDTgRKRYBStdHvVY8THhPhCRZj3KlWv5k5B/iZVmKPRq7z7/YRlMVfIJDWm67kpBgXVKJjk47KfGZ5SNqID3rVU0ZiboJhePSaHVumTKNG2FJKp+nWioLExeRzazpji0Pz0JuJvXjfD6CwohEoz5IrNFkWZJPbPSQSkLzRnKHNLKNPC3krYkGrK0AZV/l8IreOaZ/n1SbV+Po+jBPtwAEfgwSnU4RIa0AQGGh7gCZ6de+fReXFeZ60LznxmD77BefsE59WSHg==</latexit><latexit sha1_base64="2Mk93ctrhViF6ck+JylKY0AzZPI=">AAAB9XicjVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SQV7Ac0sWy2m3bpZhN2J0oI/R9ePCji1f/izX/j9uOgouCDgcd7M8zMC1MpDLruh7OwuLS8slpaK69vbG5tV3Z2WybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0cXEb99xbUSibjBPeRDTgRKRYBStdHvVY8THhPhCRZj3KlWv5k5B/iZVmKPRq7z7/YRlMVfIJDWm67kpBgXVKJjk47KfGZ5SNqID3rVU0ZiboJhePSaHVumTKNG2FJKp+nWioLExeRzazpji0Pz0JuJvXjfD6CwohEoz5IrNFkWZJPbPSQSkLzRnKHNLKNPC3krYkGrK0AZV/l8IreOaZ/n1SbV+Po+jBPtwAEfgwSnU4RIa0AQGGh7gCZ6de+fReXFeZ60LznxmD77BefsE59WSHg==</latexit><latexit sha1_base64="2Mk93ctrhViF6ck+JylKY0AzZPI=">AAAB9XicjVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SQV7Ac0sWy2m3bpZhN2J0oI/R9ePCji1f/izX/j9uOgouCDgcd7M8zMC1MpDLruh7OwuLS8slpaK69vbG5tV3Z2WybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0cXEb99xbUSibjBPeRDTgRKRYBStdHvVY8THhPhCRZj3KlWv5k5B/iZVmKPRq7z7/YRlMVfIJDWm67kpBgXVKJjk47KfGZ5SNqID3rVU0ZiboJhePSaHVumTKNG2FJKp+nWioLExeRzazpji0Pz0JuJvXjfD6CwohEoz5IrNFkWZJPbPSQSkLzRnKHNLKNPC3krYkGrK0AZV/l8IreOaZ/n1SbV+Po+jBPtwAEfgwSnU4RIa0AQGGh7gCZ6de+fReXFeZ60LznxmD77BefsE59WSHg==</latexit><latexit sha1_base64="2Mk93ctrhViF6ck+JylKY0AzZPI=">AAAB9XicjVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SQV7Ac0sWy2m3bpZhN2J0oI/R9ePCji1f/izX/j9uOgouCDgcd7M8zMC1MpDLruh7OwuLS8slpaK69vbG5tV3Z2WybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0cXEb99xbUSibjBPeRDTgRKRYBStdHvVY8THhPhCRZj3KlWv5k5B/iZVmKPRq7z7/YRlMVfIJDWm67kpBgXVKJjk47KfGZ5SNqID3rVU0ZiboJhePSaHVumTKNG2FJKp+nWioLExeRzazpji0Pz0JuJvXjfD6CwohEoz5IrNFkWZJPbPSQSkLzRnKHNLKNPC3krYkGrK0AZV/l8IreOaZ/n1SbV+Po+jBPtwAEfgwSnU4RIa0AQGGh7gCZ6de+fReXFeZ60LznxmD77BefsE59WSHg==</latexit>

w ⌘ !

2⇡T
2 C

<latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit><latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit><latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit><latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit>

H Y D R O DY N A M I C S

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>

a(w)| q
T
= 0

<latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit>

! = � i

4⇡T
q2 � i(1� ln 2)

32⇡3T 3
q4 � i(24 ln2 2� ⇡2)

96 (2⇡T )5
q6

�
i
⇥
2⇡2(ln 32� 1)� 21⇣(3)� 24 ln 2(1 + ln 2(ln 32� 3))

⇤

384 (2⇡T )7
q8 + · · ·

<latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit>

! = ± 1p
3
q � i

6⇡T
q2 ± 3� 2 ln 2

24
p
3⇡2T 2

q3 �
i
�
⇡2 � 24 + 24 ln 2� 12 ln2 2

�

864⇡3T 3
q4 ± · · ·

<latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit>
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• algebraic curves are solutions to polynomial equations  

• e.g.: elliptic curves are  
non-singular solutions of 

• we will be interested in critical points, such as cusps, self-intersections, …, of 
complex spectral curves (with P(x,y) not necessarily a polynomial)

C O M P L E X  S P E C T R A L  C U R V E S

P (x, y) = 0 ) y(x)
<latexit sha1_base64="Oc1ZD5uBwvZ0Gm5yueLHEEX94Vg=">AAACCXicjVDLSgMxFM3UV62vUZdugkVooZQZEXQjFN24rGIf0BlKJs20oZlkSDLaYejWjb/ixoUibv0Dd/6N6WOhouCBCyfn3MvNPUHMqNKO82HlFhaXllfyq4W19Y3NLXt7p6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDM8nfuuGSEUFv9ZpTPwI9TkNKUbaSF0b1kujSlqGp9CBXsW7ov2BRlKKW/OCaWlU7tpFt+pMAf8mRTBHvWu/ez2Bk4hwjRlSquM6sfYzJDXFjIwLXqJIjPAQ9UnHUI4iovxseskYHhilB0MhTXENp+rXiQxFSqVRYDojpAfqpzcRf/M6iQ5P/IzyONGE49miMGFQCziJBfaoJFiz1BCEJTV/hXiAJMLahFf4XwjNw6pr+OVRsXY2jyMP9sA+KAEXHIMauAB10AAY3IEH8ASerXvr0XqxXmetOWs+swu+wXr7BFNKl5A=</latexit><latexit sha1_base64="Oc1ZD5uBwvZ0Gm5yueLHEEX94Vg=">AAACCXicjVDLSgMxFM3UV62vUZdugkVooZQZEXQjFN24rGIf0BlKJs20oZlkSDLaYejWjb/ixoUibv0Dd/6N6WOhouCBCyfn3MvNPUHMqNKO82HlFhaXllfyq4W19Y3NLXt7p6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDM8nfuuGSEUFv9ZpTPwI9TkNKUbaSF0b1kujSlqGp9CBXsW7ov2BRlKKW/OCaWlU7tpFt+pMAf8mRTBHvWu/ez2Bk4hwjRlSquM6sfYzJDXFjIwLXqJIjPAQ9UnHUI4iovxseskYHhilB0MhTXENp+rXiQxFSqVRYDojpAfqpzcRf/M6iQ5P/IzyONGE49miMGFQCziJBfaoJFiz1BCEJTV/hXiAJMLahFf4XwjNw6pr+OVRsXY2jyMP9sA+KAEXHIMauAB10AAY3IEH8ASerXvr0XqxXmetOWs+swu+wXr7BFNKl5A=</latexit><latexit sha1_base64="Oc1ZD5uBwvZ0Gm5yueLHEEX94Vg=">AAACCXicjVDLSgMxFM3UV62vUZdugkVooZQZEXQjFN24rGIf0BlKJs20oZlkSDLaYejWjb/ixoUibv0Dd/6N6WOhouCBCyfn3MvNPUHMqNKO82HlFhaXllfyq4W19Y3NLXt7p6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDM8nfuuGSEUFv9ZpTPwI9TkNKUbaSF0b1kujSlqGp9CBXsW7ov2BRlKKW/OCaWlU7tpFt+pMAf8mRTBHvWu/ez2Bk4hwjRlSquM6sfYzJDXFjIwLXqJIjPAQ9UnHUI4iovxseskYHhilB0MhTXENp+rXiQxFSqVRYDojpAfqpzcRf/M6iQ5P/IzyONGE49miMGFQCziJBfaoJFiz1BCEJTV/hXiAJMLahFf4XwjNw6pr+OVRsXY2jyMP9sA+KAEXHIMauAB10AAY3IEH8ASerXvr0XqxXmetOWs+swu+wXr7BFNKl5A=</latexit><latexit sha1_base64="Oc1ZD5uBwvZ0Gm5yueLHEEX94Vg=">AAACCXicjVDLSgMxFM3UV62vUZdugkVooZQZEXQjFN24rGIf0BlKJs20oZlkSDLaYejWjb/ixoUibv0Dd/6N6WOhouCBCyfn3MvNPUHMqNKO82HlFhaXllfyq4W19Y3NLXt7p6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDM8nfuuGSEUFv9ZpTPwI9TkNKUbaSF0b1kujSlqGp9CBXsW7ov2BRlKKW/OCaWlU7tpFt+pMAf8mRTBHvWu/ez2Bk4hwjRlSquM6sfYzJDXFjIwLXqJIjPAQ9UnHUI4iovxseskYHhilB0MhTXENp+rXiQxFSqVRYDojpAfqpzcRf/M6iQ5P/IzyONGE49miMGFQCziJBfaoJFiz1BCEJTV/hXiAJMLahFf4XwjNw6pr+OVRsXY2jyMP9sA+KAEXHIMauAB10AAY3IEH8ASerXvr0XqxXmetOWs+swu+wXr7BFNKl5A=</latexit>

y2 = x3 + ax+ b, x, y 2 R
<latexit sha1_base64="y0gLqFgQQO5BN9CpgTFjHf/4ohU=">AAACFXicjVDLSgMxFM34rPVVdenmYhEEh9JWQTdC0Y3LKvYBnWnJpGkbmskMSUY6DP0JN/6KGxeKuBXc+Tdm2i5UFDxwL4dz7iU3xws5U7pY/LDm5hcWl5YzK9nVtfWNzdzWdl0FkSS0RgIeyKaHFeVM0JpmmtNmKCn2PU4b3vAi9Ru3VCoWiBsdh9T1cV+wHiNYG6mTs+N2Gc5g1D6CQ8AwMt2zwbEdG0Z2DA4T4PhYDzwvuR53cvlSoTgB/E3yaIZqJ/fudAMS+VRowrFSrVIx1G6CpWaE03HWiRQNMRniPm0ZKrBPlZtMfjWGfaN0oRdIU0LDRP26kWBfqdj3zGR6ofrppeJvXivSvVM3YSKMNBVk+lAv4qADSCOCLpOUaB4bgolk5lYgAywx0SbI7P9CqJcLJcOvjvOV81kcGbSL9tABKqETVEGXqIpqiKA79ICe0LN1bz1aL9brdHTOmu3soG+w3j4BZtObRg==</latexit><latexit sha1_base64="y0gLqFgQQO5BN9CpgTFjHf/4ohU=">AAACFXicjVDLSgMxFM34rPVVdenmYhEEh9JWQTdC0Y3LKvYBnWnJpGkbmskMSUY6DP0JN/6KGxeKuBXc+Tdm2i5UFDxwL4dz7iU3xws5U7pY/LDm5hcWl5YzK9nVtfWNzdzWdl0FkSS0RgIeyKaHFeVM0JpmmtNmKCn2PU4b3vAi9Ru3VCoWiBsdh9T1cV+wHiNYG6mTs+N2Gc5g1D6CQ8AwMt2zwbEdG0Z2DA4T4PhYDzwvuR53cvlSoTgB/E3yaIZqJ/fudAMS+VRowrFSrVIx1G6CpWaE03HWiRQNMRniPm0ZKrBPlZtMfjWGfaN0oRdIU0LDRP26kWBfqdj3zGR6ofrppeJvXivSvVM3YSKMNBVk+lAv4qADSCOCLpOUaB4bgolk5lYgAywx0SbI7P9CqJcLJcOvjvOV81kcGbSL9tABKqETVEGXqIpqiKA79ICe0LN1bz1aL9brdHTOmu3soG+w3j4BZtObRg==</latexit><latexit sha1_base64="y0gLqFgQQO5BN9CpgTFjHf/4ohU=">AAACFXicjVDLSgMxFM34rPVVdenmYhEEh9JWQTdC0Y3LKvYBnWnJpGkbmskMSUY6DP0JN/6KGxeKuBXc+Tdm2i5UFDxwL4dz7iU3xws5U7pY/LDm5hcWl5YzK9nVtfWNzdzWdl0FkSS0RgIeyKaHFeVM0JpmmtNmKCn2PU4b3vAi9Ru3VCoWiBsdh9T1cV+wHiNYG6mTs+N2Gc5g1D6CQ8AwMt2zwbEdG0Z2DA4T4PhYDzwvuR53cvlSoTgB/E3yaIZqJ/fudAMS+VRowrFSrVIx1G6CpWaE03HWiRQNMRniPm0ZKrBPlZtMfjWGfaN0oRdIU0LDRP26kWBfqdj3zGR6ofrppeJvXivSvVM3YSKMNBVk+lAv4qADSCOCLpOUaB4bgolk5lYgAywx0SbI7P9CqJcLJcOvjvOV81kcGbSL9tABKqETVEGXqIpqiKA79ICe0LN1bz1aL9brdHTOmu3soG+w3j4BZtObRg==</latexit><latexit sha1_base64="y0gLqFgQQO5BN9CpgTFjHf/4ohU=">AAACFXicjVDLSgMxFM34rPVVdenmYhEEh9JWQTdC0Y3LKvYBnWnJpGkbmskMSUY6DP0JN/6KGxeKuBXc+Tdm2i5UFDxwL4dz7iU3xws5U7pY/LDm5hcWl5YzK9nVtfWNzdzWdl0FkSS0RgIeyKaHFeVM0JpmmtNmKCn2PU4b3vAi9Ru3VCoWiBsdh9T1cV+wHiNYG6mTs+N2Gc5g1D6CQ8AwMt2zwbEdG0Z2DA4T4PhYDzwvuR53cvlSoTgB/E3yaIZqJ/fudAMS+VRowrFSrVIx1G6CpWaE03HWiRQNMRniPm0ZKrBPlZtMfjWGfaN0oRdIU0LDRP26kWBfqdj3zGR6ofrppeJvXivSvVM3YSKMNBVk+lAv4qADSCOCLpOUaB4bgolk5lYgAywx0SbI7P9CqJcLJcOvjvOV81kcGbSL9tABKqETVEGXqIpqiKA79ICe0LN1bz1aL9brdHTOmu3soG+w3j4BZtObRg==</latexit>

P (x, y) = 0 ) y(x), x, y 2 C
<latexit sha1_base64="S3PNaZL8rfpCNrL1T6T4X9JnmWU=">AAACIXicjVDNS8MwHE3n15xfVY9egkPYYIxWBHcRhrt4nOI+YC0jzdItLE1LkupK2b/ixX/FiwdFdhP/GdNtBxUFHwRe3ns/8svzIkalsqx3I7eyura+kd8sbG3v7O6Z+wdtGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6XjjRuZ37oiQNOS3KomIG6Ahpz7FSGmpb9aapUklKV9Y0KlA54YORwoJEd5n16Q0KWuxoqnOQIdy6ARIjTwvbUz7ZtGuWnPAv0kRLNHsmzNnEOI4IFxhhqTs2Vak3BQJRTEj04ITSxIhPEZD0tOUo4BIN53/cApPtDKAfij04QrO1a8TKQqkTAJPJ7MN5U8vE3/zerHya25KeRQrwvHiIT9mUIUwqwsOqCBYsUQThAXVu0I8QgJhpUst/K+E9mnV1vz6rFi/XNaRB0fgGJSADc5BHVyBJmgBDB7AE3gBr8aj8Wy8GbNFNGcsZw7BNxgfnxtEoHE=</latexit><latexit sha1_base64="S3PNaZL8rfpCNrL1T6T4X9JnmWU=">AAACIXicjVDNS8MwHE3n15xfVY9egkPYYIxWBHcRhrt4nOI+YC0jzdItLE1LkupK2b/ixX/FiwdFdhP/GdNtBxUFHwRe3ns/8svzIkalsqx3I7eyura+kd8sbG3v7O6Z+wdtGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6XjjRuZ37oiQNOS3KomIG6Ahpz7FSGmpb9aapUklKV9Y0KlA54YORwoJEd5n16Q0KWuxoqnOQIdy6ARIjTwvbUz7ZtGuWnPAv0kRLNHsmzNnEOI4IFxhhqTs2Vak3BQJRTEj04ITSxIhPEZD0tOUo4BIN53/cApPtDKAfij04QrO1a8TKQqkTAJPJ7MN5U8vE3/zerHya25KeRQrwvHiIT9mUIUwqwsOqCBYsUQThAXVu0I8QgJhpUst/K+E9mnV1vz6rFi/XNaRB0fgGJSADc5BHVyBJmgBDB7AE3gBr8aj8Wy8GbNFNGcsZw7BNxgfnxtEoHE=</latexit><latexit sha1_base64="S3PNaZL8rfpCNrL1T6T4X9JnmWU=">AAACIXicjVDNS8MwHE3n15xfVY9egkPYYIxWBHcRhrt4nOI+YC0jzdItLE1LkupK2b/ixX/FiwdFdhP/GdNtBxUFHwRe3ns/8svzIkalsqx3I7eyura+kd8sbG3v7O6Z+wdtGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6XjjRuZ37oiQNOS3KomIG6Ahpz7FSGmpb9aapUklKV9Y0KlA54YORwoJEd5n16Q0KWuxoqnOQIdy6ARIjTwvbUz7ZtGuWnPAv0kRLNHsmzNnEOI4IFxhhqTs2Vak3BQJRTEj04ITSxIhPEZD0tOUo4BIN53/cApPtDKAfij04QrO1a8TKQqkTAJPJ7MN5U8vE3/zerHya25KeRQrwvHiIT9mUIUwqwsOqCBYsUQThAXVu0I8QgJhpUst/K+E9mnV1vz6rFi/XNaRB0fgGJSADc5BHVyBJmgBDB7AE3gBr8aj8Wy8GbNFNGcsZw7BNxgfnxtEoHE=</latexit><latexit sha1_base64="S3PNaZL8rfpCNrL1T6T4X9JnmWU=">AAACIXicjVDNS8MwHE3n15xfVY9egkPYYIxWBHcRhrt4nOI+YC0jzdItLE1LkupK2b/ixX/FiwdFdhP/GdNtBxUFHwRe3ns/8svzIkalsqx3I7eyura+kd8sbG3v7O6Z+wdtGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6XjjRuZ37oiQNOS3KomIG6Ahpz7FSGmpb9aapUklKV9Y0KlA54YORwoJEd5n16Q0KWuxoqnOQIdy6ARIjTwvbUz7ZtGuWnPAv0kRLNHsmzNnEOI4IFxhhqTs2Vak3BQJRTEj04ITSxIhPEZD0tOUo4BIN53/cApPtDKAfij04QrO1a8TKQqkTAJPJ7MN5U8vE3/zerHya25KeRQrwvHiIT9mUIUwqwsOqCBYsUQThAXVu0I8QgJhpUst/K+E9mnV1vz6rFi/XNaRB0fgGJSADc5BHVyBJmgBDB7AE3gBr8aj8Wy8GbNFNGcsZw7BNxgfnxtEoHE=</latexit>
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L O C A L  A N A LY S I S :  P U I S E U X  S E R I E S
• Taylor series is a series in integer powers of the expansion parameter 

• Puiseux series is a series in fractional powers of the expansion parameter 

• consider a simple example of an algebraic curve for 

• we want to find series solutions for 

• a regular point is defined by                                                           at the  
regular point                          , the solution gives a Taylor series 

• a critical point (of order 2) is defined by 
here, two such points,                              , each with two branches of Puiseux series, e.g. 

• radius of convergence is distance to the nearest critical point:

x, y 2 C
<latexit sha1_base64="7NvayCvx3Uy4XPu/jnRobVlwo6Q=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBhZRECrosduOygn1AE8pkOmmHTiZhZiKGUH/FjQtF3Poh7vwbJ20XKgoeuHA4517u4QQJZ0o7zodVWlldW98ob1a2tnd29+z9g66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gmmr8Hu3VCoWixudJdSP8FiwkBGsjTS0q3enKEMeE8iLsJ4EQd6aDe2aW3fmQH+TGizRHtrv3igmaUSFJhwrNXCdRPs5lpoRTmcVL1U0wWSKx3RgqMARVX4+Dz9Dx0YZoTCWZoRGc/XrRY4jpbIoMJtFQvXTK8TfvEGqwws/ZyJJNRVk8ShMOdIxKppAIyYp0TwzBBPJTFZEJlhiok1flf+V0D2ru4ZfN2rNy2UdZTiEIzgBF86hCVfQhg4QyOABnuDZurcerRfrdbFaspY3VfgG6+0TqPmUIQ==</latexit><latexit sha1_base64="7NvayCvx3Uy4XPu/jnRobVlwo6Q=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBhZRECrosduOygn1AE8pkOmmHTiZhZiKGUH/FjQtF3Poh7vwbJ20XKgoeuHA4517u4QQJZ0o7zodVWlldW98ob1a2tnd29+z9g66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gmmr8Hu3VCoWixudJdSP8FiwkBGsjTS0q3enKEMeE8iLsJ4EQd6aDe2aW3fmQH+TGizRHtrv3igmaUSFJhwrNXCdRPs5lpoRTmcVL1U0wWSKx3RgqMARVX4+Dz9Dx0YZoTCWZoRGc/XrRY4jpbIoMJtFQvXTK8TfvEGqwws/ZyJJNRVk8ShMOdIxKppAIyYp0TwzBBPJTFZEJlhiok1flf+V0D2ru4ZfN2rNy2UdZTiEIzgBF86hCVfQhg4QyOABnuDZurcerRfrdbFaspY3VfgG6+0TqPmUIQ==</latexit><latexit sha1_base64="7NvayCvx3Uy4XPu/jnRobVlwo6Q=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBhZRECrosduOygn1AE8pkOmmHTiZhZiKGUH/FjQtF3Poh7vwbJ20XKgoeuHA4517u4QQJZ0o7zodVWlldW98ob1a2tnd29+z9g66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gmmr8Hu3VCoWixudJdSP8FiwkBGsjTS0q3enKEMeE8iLsJ4EQd6aDe2aW3fmQH+TGizRHtrv3igmaUSFJhwrNXCdRPs5lpoRTmcVL1U0wWSKx3RgqMARVX4+Dz9Dx0YZoTCWZoRGc/XrRY4jpbIoMJtFQvXTK8TfvEGqwws/ZyJJNRVk8ShMOdIxKppAIyYp0TwzBBPJTFZEJlhiok1flf+V0D2ru4ZfN2rNy2UdZTiEIzgBF86hCVfQhg4QyOABnuDZurcerRfrdbFaspY3VfgG6+0TqPmUIQ==</latexit><latexit sha1_base64="7NvayCvx3Uy4XPu/jnRobVlwo6Q=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBhZRECrosduOygn1AE8pkOmmHTiZhZiKGUH/FjQtF3Poh7vwbJ20XKgoeuHA4517u4QQJZ0o7zodVWlldW98ob1a2tnd29+z9g66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gmmr8Hu3VCoWixudJdSP8FiwkBGsjTS0q3enKEMeE8iLsJ4EQd6aDe2aW3fmQH+TGizRHtrv3igmaUSFJhwrNXCdRPs5lpoRTmcVL1U0wWSKx3RgqMARVX4+Dz9Dx0YZoTCWZoRGc/XrRY4jpbIoMJtFQvXTK8TfvEGqwws/ZyJJNRVk8ShMOdIxKppAIyYp0TwzBBPJTFZEJlhiok1flf+V0D2ru4ZfN2rNy2UdZTiEIzgBF86hCVfQhg4QyOABnuDZurcerRfrdbFaspY3VfgG6+0TqPmUIQ==</latexit>

y(x)
<latexit sha1_base64="qkFBenPGgomjYMjCj0r6t8YeWYE=">AAAB7HicjVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cKpi20oWy2k3bpZhN2N2II/Q1ePCji1R/kzX/j9uOgouCDgcd7M8zMC1PBtXHdD2dpeWV1bb20Ud7c2t7Zreztt3SSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Or6Z++w6V5om8NXmKQUyHkkecUWMlP6/dn5B+perV3RnI36QKCzT7lffeIGFZjNIwQbXuem5qgoIqw5nASbmXaUwpG9Mhdi2VNEYdFLNjJ+TYKgMSJcqWNGSmfp0oaKx1Hoe2M6ZmpH96U/E3r5uZ6CIouEwzg5LNF0WZICYh08/JgCtkRuSWUKa4vZWwEVWUGZtP+X8htE7rnuU3Z9XG5SKOEhzCEdTAg3NowDU0wQcGHB7gCZ4d6Tw6L87rvHXJWcwcwDc4b5/kd44R</latexit><latexit sha1_base64="qkFBenPGgomjYMjCj0r6t8YeWYE=">AAAB7HicjVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cKpi20oWy2k3bpZhN2N2II/Q1ePCji1R/kzX/j9uOgouCDgcd7M8zMC1PBtXHdD2dpeWV1bb20Ud7c2t7Zreztt3SSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Or6Z++w6V5om8NXmKQUyHkkecUWMlP6/dn5B+perV3RnI36QKCzT7lffeIGFZjNIwQbXuem5qgoIqw5nASbmXaUwpG9Mhdi2VNEYdFLNjJ+TYKgMSJcqWNGSmfp0oaKx1Hoe2M6ZmpH96U/E3r5uZ6CIouEwzg5LNF0WZICYh08/JgCtkRuSWUKa4vZWwEVWUGZtP+X8htE7rnuU3Z9XG5SKOEhzCEdTAg3NowDU0wQcGHB7gCZ4d6Tw6L87rvHXJWcwcwDc4b5/kd44R</latexit><latexit sha1_base64="qkFBenPGgomjYMjCj0r6t8YeWYE=">AAAB7HicjVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cKpi20oWy2k3bpZhN2N2II/Q1ePCji1R/kzX/j9uOgouCDgcd7M8zMC1PBtXHdD2dpeWV1bb20Ud7c2t7Zreztt3SSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Or6Z++w6V5om8NXmKQUyHkkecUWMlP6/dn5B+perV3RnI36QKCzT7lffeIGFZjNIwQbXuem5qgoIqw5nASbmXaUwpG9Mhdi2VNEYdFLNjJ+TYKgMSJcqWNGSmfp0oaKx1Hoe2M6ZmpH96U/E3r5uZ6CIouEwzg5LNF0WZICYh08/JgCtkRuSWUKa4vZWwEVWUGZtP+X8htE7rnuU3Z9XG5SKOEhzCEdTAg3NowDU0wQcGHB7gCZ4d6Tw6L87rvHXJWcwcwDc4b5/kd44R</latexit><latexit sha1_base64="qkFBenPGgomjYMjCj0r6t8YeWYE=">AAAB7HicjVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cKpi20oWy2k3bpZhN2N2II/Q1ePCji1R/kzX/j9uOgouCDgcd7M8zMC1PBtXHdD2dpeWV1bb20Ud7c2t7Zreztt3SSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Or6Z++w6V5om8NXmKQUyHkkecUWMlP6/dn5B+perV3RnI36QKCzT7lffeIGFZjNIwQbXuem5qgoIqw5nASbmXaUwpG9Mhdi2VNEYdFLNjJ+TYKgMSJcqWNGSmfp0oaKx1Hoe2M6ZmpH96U/E3r5uZ6CIouEwzg5LNF0WZICYh08/JgCtkRuSWUKa4vZWwEVWUGZtP+X8htE7rnuU3Z9XG5SKOEhzCEdTAg3NowDU0wQcGHB7gCZ4d6Tw6L87rvHXJWcwcwDc4b5/kd44R</latexit>

P (xr, yr) = 0, @yP (xr, yr) 6= 0
<latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit><latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit><latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit><latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit>

(xr, yr) = (0, 1)
<latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit><latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit><latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit><latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit>

y = y(T )(x) = 1� x2

2
� x4

8
+ · · ·

<latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit><latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit><latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit><latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit>

P (x⇤, y⇤) = 0, @yP (x⇤, y⇤) = 0, @2
yP (x⇤, y⇤) 6= 0

<latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit><latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit><latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit><latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit>

(x⇤, y⇤) = (±1, 0)
<latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit><latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit><latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit><latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit>

y = y(P )
1 (x) = i

p
2(x� 1)

1
2 + i2�

3
2 (x� 1)

3
2 + · · ·

y = y(P )
2 (x) = �i

p
2(x� 1)

1
2 � i2�

3
2 (x� 1)

3
2 + · · ·

<latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit><latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit><latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit><latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit>

at (x⇤, y⇤) = (1, 0) :
<latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit><latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit><latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit><latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit>

R(T )
x = 1, R(P )

x = 2
<latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit><latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit><latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit><latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit>

P (x, y) = x2 + y2 � 1 = 0
<latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit><latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit><latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit><latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit>
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• hydrodynamic modes as complex spectral (or infinite-order algebraic) curves 
[Grozdanov, Kovtun, Starinets, Tadić, PRL (2019) and JHEP (2019)] 

• e.g., first-order hydrodynamics: 

• analytic implicit function theorem (a regular point) 

• Puiseux theorem: there exists a convergent series around a critical point 

• hydrodynamic series are Puiseux series around

w =
!

2⇡T
, q =

|q|
2⇡T

2 C
<latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit>

C O N V E R G E N C E  O F  H Y D R O DY N A M I C S

P1(q
2,!) =

�
! + iDq2

�2 �
!2 + i�!q2 � v2sq

2
�
= 0

<latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit>

P (q2,!) = 0 =) !i(q
2)

<latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit>

wshear = �i
1X

n=1

cn
�
q2
�n

= �iDq2 + . . .
<latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit>

wsound = �i
1X

n=1

ane
± i⇡n

2
�
q2
�n/2

= ±vsq�
i

2
Gq2 + . . .

<latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit>

(q2,!)(regular)shear = (q2
⇤,!⇤)

(critical)
sound = (0, 0)

<latexit sha1_base64="V6Oa5KWC4RaK5D8MFMUfLbj937Y="></latexit><latexit sha1_base64="V6Oa5KWC4RaK5D8MFMUfLbj937Y="></latexit><latexit sha1_base64="V6Oa5KWC4RaK5D8MFMUfLbj937Y="></latexit><latexit sha1_base64="V6Oa5KWC4RaK5D8MFMUfLbj937Y="></latexit>

(q2
⇤,!⇤)

<latexit sha1_base64="+18xriof6UrrmGS7qYymWUAQU7c=">AAACAnicjVDLSsNAFJ3UV62vqCtxEyxCLVKSIuiy6MZlBfuAJobJdNIOnUecmQglFDf+ihsXirj1K9z5N05qFyoKHrhwOOde7r0nSihR2nXfrcLc/MLiUnG5tLK6tr5hb261lUglwi0kqJDdCCpMCcctTTTF3URiyCKKO9HoLPc7N1gqIvilHic4YHDASUwQ1EYK7Z2Kz6AeRnF2Pbmqh9VDXzA8gGH1ILTLXs2dwvmblMEMzdB+8/sCpQxzjShUque5iQ4yKDVBFE9KfqpwAtEIDnDPUA4ZVkE2fWHi7Bul78RCmuLamapfJzLIlBqzyHTm96qfXi7+5vVSHZ8EGeFJqjFHn4vilDpaOHkeTp9IjDQdGwKRJOZWBw2hhEib1Er/C6Fdr3mGXxyVG6ezOIpgF+yBCvDAMWiAc9AELYDALbgHj+DJurMerGfr5bO1YM1mtsE3WK8fzwaWYw==</latexit><latexit sha1_base64="+18xriof6UrrmGS7qYymWUAQU7c=">AAACAnicjVDLSsNAFJ3UV62vqCtxEyxCLVKSIuiy6MZlBfuAJobJdNIOnUecmQglFDf+ihsXirj1K9z5N05qFyoKHrhwOOde7r0nSihR2nXfrcLc/MLiUnG5tLK6tr5hb261lUglwi0kqJDdCCpMCcctTTTF3URiyCKKO9HoLPc7N1gqIvilHic4YHDASUwQ1EYK7Z2Kz6AeRnF2Pbmqh9VDXzA8gGH1ILTLXs2dwvmblMEMzdB+8/sCpQxzjShUque5iQ4yKDVBFE9KfqpwAtEIDnDPUA4ZVkE2fWHi7Bul78RCmuLamapfJzLIlBqzyHTm96qfXi7+5vVSHZ8EGeFJqjFHn4vilDpaOHkeTp9IjDQdGwKRJOZWBw2hhEib1Er/C6Fdr3mGXxyVG6ezOIpgF+yBCvDAMWiAc9AELYDALbgHj+DJurMerGfr5bO1YM1mtsE3WK8fzwaWYw==</latexit><latexit sha1_base64="+18xriof6UrrmGS7qYymWUAQU7c=">AAACAnicjVDLSsNAFJ3UV62vqCtxEyxCLVKSIuiy6MZlBfuAJobJdNIOnUecmQglFDf+ihsXirj1K9z5N05qFyoKHrhwOOde7r0nSihR2nXfrcLc/MLiUnG5tLK6tr5hb261lUglwi0kqJDdCCpMCcctTTTF3URiyCKKO9HoLPc7N1gqIvilHic4YHDASUwQ1EYK7Z2Kz6AeRnF2Pbmqh9VDXzA8gGH1ILTLXs2dwvmblMEMzdB+8/sCpQxzjShUque5iQ4yKDVBFE9KfqpwAtEIDnDPUA4ZVkE2fWHi7Bul78RCmuLamapfJzLIlBqzyHTm96qfXi7+5vVSHZ8EGeFJqjFHn4vilDpaOHkeTp9IjDQdGwKRJOZWBw2hhEib1Er/C6Fdr3mGXxyVG6ezOIpgF+yBCvDAMWiAc9AELYDALbgHj+DJurMerGfr5bO1YM1mtsE3WK8fzwaWYw==</latexit><latexit sha1_base64="+18xriof6UrrmGS7qYymWUAQU7c=">AAACAnicjVDLSsNAFJ3UV62vqCtxEyxCLVKSIuiy6MZlBfuAJobJdNIOnUecmQglFDf+ihsXirj1K9z5N05qFyoKHrhwOOde7r0nSihR2nXfrcLc/MLiUnG5tLK6tr5hb261lUglwi0kqJDdCCpMCcctTTTF3URiyCKKO9HoLPc7N1gqIvilHic4YHDASUwQ1EYK7Z2Kz6AeRnF2Pbmqh9VDXzA8gGH1ILTLXs2dwvmblMEMzdB+8/sCpQxzjShUque5iQ4yKDVBFE9KfqpwAtEIDnDPUA4ZVkE2fWHi7Bul78RCmuLamapfJzLIlBqzyHTm96qfXi7+5vVSHZ8EGeFJqjFHn4vilDpaOHkeTp9IjDQdGwKRJOZWBw2hhEib1Er/C6Fdr3mGXxyVG6ezOIpgF+yBCvDAMWiAc9AELYDALbgHj+DJurMerGfr5bO1YM1mtsE3WK8fzwaWYw==</latexit>

pshear = 1

psound = 2
<latexit sha1_base64="JT72G+PaR4UbM5AvqXRMU3H7ZLs=">AAACDHicjZDLSgMxGIX/qbc63qou3QSL4qp0iqAboejGZQV7gc5QMplMG5pJhiQjlKEP4MZXceNCEbc+gDvfxvQiqCh4IHD4zv+T5IQpZ9pUq+9OYWFxaXmluOqurW9sbpW2d1paZorQJpFcqk6INeVM0KZhhtNOqihOQk7b4fBikrdvqNJMimszSmmQ4L5gMSPYWNQrldNe7qsE6QHFanx45vm++4lkJiKLanbKq1SnQn+bMszV6JXe/EiSLKHCEI617nrV1AQ5VoYRTseun2maYjLEfdq1VuCE6iCffmaMDiyJUCyVPcKgKf26keNE61ES2skEm4H+mU3gb1k3M/FpkDORZoYKMrsozjgyEk2aQRFTlBg+sgYTxexbERlghYmx/bn/K6FVq3jWXx2X6+fzOoqwB/twBB6cQB0uoQFNIHAL9/AIT86d8+A8Oy+z0YIz39mFb3JePwBHD5p3</latexit><latexit sha1_base64="JT72G+PaR4UbM5AvqXRMU3H7ZLs=">AAACDHicjZDLSgMxGIX/qbc63qou3QSL4qp0iqAboejGZQV7gc5QMplMG5pJhiQjlKEP4MZXceNCEbc+gDvfxvQiqCh4IHD4zv+T5IQpZ9pUq+9OYWFxaXmluOqurW9sbpW2d1paZorQJpFcqk6INeVM0KZhhtNOqihOQk7b4fBikrdvqNJMimszSmmQ4L5gMSPYWNQrldNe7qsE6QHFanx45vm++4lkJiKLanbKq1SnQn+bMszV6JXe/EiSLKHCEI617nrV1AQ5VoYRTseun2maYjLEfdq1VuCE6iCffmaMDiyJUCyVPcKgKf26keNE61ES2skEm4H+mU3gb1k3M/FpkDORZoYKMrsozjgyEk2aQRFTlBg+sgYTxexbERlghYmx/bn/K6FVq3jWXx2X6+fzOoqwB/twBB6cQB0uoQFNIHAL9/AIT86d8+A8Oy+z0YIz39mFb3JePwBHD5p3</latexit><latexit sha1_base64="JT72G+PaR4UbM5AvqXRMU3H7ZLs=">AAACDHicjZDLSgMxGIX/qbc63qou3QSL4qp0iqAboejGZQV7gc5QMplMG5pJhiQjlKEP4MZXceNCEbc+gDvfxvQiqCh4IHD4zv+T5IQpZ9pUq+9OYWFxaXmluOqurW9sbpW2d1paZorQJpFcqk6INeVM0KZhhtNOqihOQk7b4fBikrdvqNJMimszSmmQ4L5gMSPYWNQrldNe7qsE6QHFanx45vm++4lkJiKLanbKq1SnQn+bMszV6JXe/EiSLKHCEI617nrV1AQ5VoYRTseun2maYjLEfdq1VuCE6iCffmaMDiyJUCyVPcKgKf26keNE61ES2skEm4H+mU3gb1k3M/FpkDORZoYKMrsozjgyEk2aQRFTlBg+sgYTxexbERlghYmx/bn/K6FVq3jWXx2X6+fzOoqwB/twBB6cQB0uoQFNIHAL9/AIT86d8+A8Oy+z0YIz39mFb3JePwBHD5p3</latexit><latexit sha1_base64="JT72G+PaR4UbM5AvqXRMU3H7ZLs=">AAACDHicjZDLSgMxGIX/qbc63qou3QSL4qp0iqAboejGZQV7gc5QMplMG5pJhiQjlKEP4MZXceNCEbc+gDvfxvQiqCh4IHD4zv+T5IQpZ9pUq+9OYWFxaXmluOqurW9sbpW2d1paZorQJpFcqk6INeVM0KZhhtNOqihOQk7b4fBikrdvqNJMimszSmmQ4L5gMSPYWNQrldNe7qsE6QHFanx45vm++4lkJiKLanbKq1SnQn+bMszV6JXe/EiSLKHCEI617nrV1AQ5VoYRTseun2maYjLEfdq1VuCE6iCffmaMDiyJUCyVPcKgKf26keNE61ES2skEm4H+mU3gb1k3M/FpkDORZoYKMrsozjgyEk2aQRFTlBg+sgYTxexbERlghYmx/bn/K6FVq3jWXx2X6+fzOoqwB/twBB6cQB0uoQFNIHAL9/AIT86d8+A8Oy+z0YIz39mFb3JePwBHD5p3</latexit>

hydro: 

QNM:

detL(q2,!) = 0

a(q2,!) = 0
<latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit>

P (q2
⇤,!⇤) = 0, @!P (q2

⇤,!⇤) = 0, . . . , @p
!P (q2

⇤,!⇤) 6= 0
<latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit>

P (q2
⇤,!⇤) = 0, @!P (q2

⇤,!⇤) 6= 0
<latexit sha1_base64="dfMiu5POgkfOa2IM9Sh+ws7Bd8I=">AAACO3icjVA9SwNBFNzzM8avqKXNYhBUQrgEQRshaGMZxXxALh57m3fJkr29y+6eEI78Lxv/hJ2NjYUitvbuJSlUVBxYGGbe8N6OF3GmtG0/WDOzc/MLi5ml7PLK6tp6bmOzrsJYUqjRkIey6REFnAmoaaY5NCMJJPA4NLz+Weo3bkAqFoorPYygHZCuYD6jRBvJzV1W95yA6J7nJ4PRddk9KDhhAF3iHuzjE2wXnIITEakZ4e7EwH8EHAEDbLu5fKloj4F/J3k0RdXN3TudkMYBCE05UapVsiPdTtK1lMMo68QKIkL7pAstQwUJQLWT8d9HeNcoHeyH0jyh8Vj9nEhIoNQw8Mxkerb67qXiT14r1v5xO2EiijUIOlnkxxzrEKdF4g6TQDUfGkKoZOZWTHtEEqpN3dn/lVAvF0uGXxzmK6fTOjJoG+2gPVRCR6iCzlEV1RBFt+gRPaMX6856sl6tt8nojDXNbKEvsN4/AOiPq5Y=</latexit><latexit sha1_base64="dfMiu5POgkfOa2IM9Sh+ws7Bd8I=">AAACO3icjVA9SwNBFNzzM8avqKXNYhBUQrgEQRshaGMZxXxALh57m3fJkr29y+6eEI78Lxv/hJ2NjYUitvbuJSlUVBxYGGbe8N6OF3GmtG0/WDOzc/MLi5ml7PLK6tp6bmOzrsJYUqjRkIey6REFnAmoaaY5NCMJJPA4NLz+Weo3bkAqFoorPYygHZCuYD6jRBvJzV1W95yA6J7nJ4PRddk9KDhhAF3iHuzjE2wXnIITEakZ4e7EwH8EHAEDbLu5fKloj4F/J3k0RdXN3TudkMYBCE05UapVsiPdTtK1lMMo68QKIkL7pAstQwUJQLWT8d9HeNcoHeyH0jyh8Vj9nEhIoNQw8Mxkerb67qXiT14r1v5xO2EiijUIOlnkxxzrEKdF4g6TQDUfGkKoZOZWTHtEEqpN3dn/lVAvF0uGXxzmK6fTOjJoG+2gPVRCR6iCzlEV1RBFt+gRPaMX6856sl6tt8nojDXNbKEvsN4/AOiPq5Y=</latexit><latexit sha1_base64="dfMiu5POgkfOa2IM9Sh+ws7Bd8I=">AAACO3icjVA9SwNBFNzzM8avqKXNYhBUQrgEQRshaGMZxXxALh57m3fJkr29y+6eEI78Lxv/hJ2NjYUitvbuJSlUVBxYGGbe8N6OF3GmtG0/WDOzc/MLi5ml7PLK6tp6bmOzrsJYUqjRkIey6REFnAmoaaY5NCMJJPA4NLz+Weo3bkAqFoorPYygHZCuYD6jRBvJzV1W95yA6J7nJ4PRddk9KDhhAF3iHuzjE2wXnIITEakZ4e7EwH8EHAEDbLu5fKloj4F/J3k0RdXN3TudkMYBCE05UapVsiPdTtK1lMMo68QKIkL7pAstQwUJQLWT8d9HeNcoHeyH0jyh8Vj9nEhIoNQw8Mxkerb67qXiT14r1v5xO2EiijUIOlnkxxzrEKdF4g6TQDUfGkKoZOZWTHtEEqpN3dn/lVAvF0uGXxzmK6fTOjJoG+2gPVRCR6iCzlEV1RBFt+gRPaMX6856sl6tt8nojDXNbKEvsN4/AOiPq5Y=</latexit><latexit sha1_base64="dfMiu5POgkfOa2IM9Sh+ws7Bd8I=">AAACO3icjVA9SwNBFNzzM8avqKXNYhBUQrgEQRshaGMZxXxALh57m3fJkr29y+6eEI78Lxv/hJ2NjYUitvbuJSlUVBxYGGbe8N6OF3GmtG0/WDOzc/MLi5ml7PLK6tp6bmOzrsJYUqjRkIey6REFnAmoaaY5NCMJJPA4NLz+Weo3bkAqFoorPYygHZCuYD6jRBvJzV1W95yA6J7nJ4PRddk9KDhhAF3iHuzjE2wXnIITEakZ4e7EwH8EHAEDbLu5fKloj4F/J3k0RdXN3TudkMYBCE05UapVsiPdTtK1lMMo68QKIkL7pAstQwUJQLWT8d9HeNcoHeyH0jyh8Vj9nEhIoNQw8Mxkerb67qXiT14r1v5xO2EiijUIOlnkxxzrEKdF4g6TQDUfGkKoZOZWTHtEEqpN3dn/lVAvF0uGXxzmK6fTOjJoG+2gPVRCR6iCzlEV1RBFt+gRPaMX6856sl6tt8nojDXNbKEvsN4/AOiPq5Y=</latexit>



!13

C O N V E R G E N C E  O F  H Y D R O DY N A M I C S

• radius of convergence of                              , i.e.              , is set by the lowest momentum 

at which the hydro pole collides (level-crossing):

sh
ea

r
so

un
d

q⇤ = min [|qcollision|]
<latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit>

w(q) =
1X

i=1

cnq
n

<latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit>

|q| < q⇤
<latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit>

q⇤ ⇡ 1.49131

w(q⇤) ⇡ ±1.4436414� 1.0692250i
<latexit sha1_base64="SJGX4vYnP4g555Pnxx17a1nnSe0="></latexit><latexit sha1_base64="SJGX4vYnP4g555Pnxx17a1nnSe0="></latexit><latexit sha1_base64="SJGX4vYnP4g555Pnxx17a1nnSe0="></latexit><latexit sha1_base64="SJGX4vYnP4g555Pnxx17a1nnSe0="></latexit>

shear: sound: q⇤ =
p
2 ⇡ 1.41421

w(q⇤) = ±1� i
<latexit sha1_base64="F8iyGzmyOd4JQD3oLcySYKzMyRY="></latexit><latexit sha1_base64="F8iyGzmyOd4JQD3oLcySYKzMyRY="></latexit><latexit sha1_base64="F8iyGzmyOd4JQD3oLcySYKzMyRY="></latexit><latexit sha1_base64="F8iyGzmyOd4JQD3oLcySYKzMyRY="></latexit>

N = 4

SYM

q2 =
��q2

�� ei✓
<latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit>



!14

H I G H E R  C R I T I C A L  P O I N T S  ( E . G .  S H E A R  C H A N N E L )



!15

A N A LY T I C  S T U R C T U R E

• analytic structure of dispersion relations in momentum space



!16

U N R E A S O N A B L E  E F F E C T I V E N E S S

dispersion relations 
are infinite series

!(q) =
1X

n=1

↵nq
n

<latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit>

radius of convergence
q/T ⇠ O(10)

<latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit><latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit><latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit><latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit>

microscopic input 
from holography

• orders of magnitude larger than naive                      —  if this fact is generically true in 
hydrodynamic theories, this may help explain the “unreasonable effectiveness of 
hydrodynamics” which is the question of why hydrodynamics works in quark-gluon 
plasma and other systems where derivatives are large

q/T ⌧ 1
<latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit><latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit><latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit><latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit>

“unreasonable”: hydro works for large @
<latexit sha1_base64="4/YagikhY9/urYWGCJLhFKnHTHE=">AAAB73icjVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxWMF+wHtUrJptg3NJmsyK5Slf8KLB0W8+ne8+W/Mtj2oKPhg4PHeTDLzolQKi77/4S0tr6yurZc2yptb2zu7lb39ltWZYbzJtNSmE1HLpVC8iQIl76SG0ySSvB2Nrwq/fc+NFVrd4iTlYUKHSsSCUXRSp5dSg4LKfqUa1PwZyN+kCgs0+pX33kCzLOEKmaTWdgM/xTAvXmOST8u9zPKUsjEd8q6jiibchvls3yk5dsqAxNq4Ukhm6teJnCbWTpLIdSYUR/anV4i/ed0M44swFyrNkCs2/yjOJEFNiuPJQBjOUE4cocwItythI2ooQxdR+X8htE5rgeM3Z9X65SKOEhzCEZxAAOdQh2toQBMYSHiAJ3j27rxH78V7nbcueYuZA/gG7+0TPYSQFg==</latexit><latexit sha1_base64="4/YagikhY9/urYWGCJLhFKnHTHE=">AAAB73icjVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxWMF+wHtUrJptg3NJmsyK5Slf8KLB0W8+ne8+W/Mtj2oKPhg4PHeTDLzolQKi77/4S0tr6yurZc2yptb2zu7lb39ltWZYbzJtNSmE1HLpVC8iQIl76SG0ySSvB2Nrwq/fc+NFVrd4iTlYUKHSsSCUXRSp5dSg4LKfqUa1PwZyN+kCgs0+pX33kCzLOEKmaTWdgM/xTAvXmOST8u9zPKUsjEd8q6jiibchvls3yk5dsqAxNq4Ukhm6teJnCbWTpLIdSYUR/anV4i/ed0M44swFyrNkCs2/yjOJEFNiuPJQBjOUE4cocwItythI2ooQxdR+X8htE5rgeM3Z9X65SKOEhzCEZxAAOdQh2toQBMYSHiAJ3j27rxH78V7nbcueYuZA/gG7+0TPYSQFg==</latexit><latexit sha1_base64="4/YagikhY9/urYWGCJLhFKnHTHE=">AAAB73icjVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxWMF+wHtUrJptg3NJmsyK5Slf8KLB0W8+ne8+W/Mtj2oKPhg4PHeTDLzolQKi77/4S0tr6yurZc2yptb2zu7lb39ltWZYbzJtNSmE1HLpVC8iQIl76SG0ySSvB2Nrwq/fc+NFVrd4iTlYUKHSsSCUXRSp5dSg4LKfqUa1PwZyN+kCgs0+pX33kCzLOEKmaTWdgM/xTAvXmOST8u9zPKUsjEd8q6jiibchvls3yk5dsqAxNq4Ukhm6teJnCbWTpLIdSYUR/anV4i/ed0M44swFyrNkCs2/yjOJEFNiuPJQBjOUE4cocwItythI2ooQxdR+X8htE5rgeM3Z9X65SKOEhzCEZxAAOdQh2toQBMYSHiAJ3j27rxH78V7nbcueYuZA/gG7+0TPYSQFg==</latexit><latexit sha1_base64="4/YagikhY9/urYWGCJLhFKnHTHE=">AAAB73icjVBNSwMxEJ31s9avqkcvwSJ4Krsi6LHoxWMF+wHtUrJptg3NJmsyK5Slf8KLB0W8+ne8+W/Mtj2oKPhg4PHeTDLzolQKi77/4S0tr6yurZc2yptb2zu7lb39ltWZYbzJtNSmE1HLpVC8iQIl76SG0ySSvB2Nrwq/fc+NFVrd4iTlYUKHSsSCUXRSp5dSg4LKfqUa1PwZyN+kCgs0+pX33kCzLOEKmaTWdgM/xTAvXmOST8u9zPKUsjEd8q6jiibchvls3yk5dsqAxNq4Ukhm6teJnCbWTpLIdSYUR/anV4i/ed0M44swFyrNkCs2/yjOJEFNiuPJQBjOUE4cocwItythI2ooQxdR+X8htE5rgeM3Z9X65SKOEhzCEZxAAOdQh2toQBMYSHiAJ3j27rxH78V7nbcueYuZA/gG7+0TPYSQFg==</latexit>



!17

S O…  W H AT  N O W

some of what 
we know

dispersion relations converge 
in momentum space

Bjorken flow expansion in 
proper time diverges

why? options:

Fourier transform “generically” converts convergent series to divergent series

the Bjorken flow is sick, dispersion relations are well defined

Bjorken flow is non-linear whereas dispersion relations are only linear

coefficients in the series may grow faster but may also not; who knows…

G(!, q) ⇠ 1

!2 � q2 �m2
<latexit sha1_base64="oA0cBjJlSzTou2lNhSrm7ci4jiM="></latexit>

essential singularity at                   
implies an asymptotic series

t ! 1
<latexit sha1_base64="GouSakgzCIQ750ylEMx6Q8FxsRc=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgKeyuBpNb0IvHCOaB2SXMTmaTIbMzy0yvEEL+wosHRbz6N978GycPQUULGoqqbrq7olRwA6774eRWVtfWN/Kbha3tnd294v5By6hMU9akSijdiYhhgkvWBA6CdVLNSBIJ1o5GVzO/fc+04UrewjhlYUIGksecErDSHQSgAi5jGPeKJbdc8yu+7+I58Wr+gvhuFXtld44SWqLRK74HfUWzhEmgghjT9dwUwgnRwKlg00KQGZYSOiID1rVUkoSZcDK/eIpPrNLHsdK2JOC5+n1iQhJjxklkOxMCQ/Pbm4l/ed0M4mo44TLNgEm6WBRnAoPCs/dxn2tGQYwtIVRzeyumQ6IJBRtSwYbw9Sn+n7T8sndWrtycl+qXyzjy6Agdo1PkoQtUR9eogZqIIoke0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AmOEkWg=</latexit>



A L L- O R D E R  H Y D R O DY N A M I C S  A N D  
M I C R O S C O P I C  Q U A N T U M  C H A O S



• classical chaos means extreme  
sensitivity to initial conditions 

• exponential Lyapunov divergence  
of trajectories and the butterfly effect 

• in quantum systems, molecules collide chaotically 

• the effect can be diagnosed with special “out-of-time-ordered”  
correlation functions [Larkin, Ovchinnikov; Kitaev]  

• its “build-up” describes the quantum butterfly effect 

• standard lore: “microscopic quantum information is smeared out at large distances”

!19

t = ti
<latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit><latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit><latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit><latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit>

butterfly velocityLyapunov exponent

|�Z(t,x)| ⇡ |�Z(ti,xi)| e�L(t�|x|/vB)
<latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit><latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit><latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit><latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit>

C(t,x) =
⌦
[W (t,x), V (0,0)]†[W (t,x), V (0,0)]

↵
T
⇠ ✏ e�L(t�|x|/vB)

<latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit>

Lyapunov exponent
butterfly velocity

typically, ✏ = 1/N2
c ⌧ 1

<latexit sha1_base64="Iw0wMD5hMp74QXlofpYgW3dlvwU=">AAACAXicjVDLSsNAFL2pr1pfUTeCm8EiuKpJEXQjFN24kgr2AU0Mk+mkHTqZhJmJUELd+CtuXCji1r9w5984fSxUFDxw4XDOvdx7T5hyprTjfFiFufmFxaXicmlldW19w97caqokk4Q2SMIT2Q6xopwJ2tBMc9pOJcVxyGkrHJyP/dYtlYol4loPU+rHuCdYxAjWRgrsHY+mivFEoFPkHl4G5KaKPM6RG9hlt+JMgP4mZZihHtjvXjchWUyFJhwr1XGdVPs5lpoRTkclL1M0xWSAe7RjqMAxVX4++WCE9o3SRVEiTQmNJurXiRzHSg3j0HTGWPfVT28s/uZ1Mh2d+DkTaaapINNFUcaRTtA4DtRlkhLNh4ZgIpm5FZE+lphoE1rpfyE0qxXX8Kujcu1sFkcRdmEPDsCFY6jBBdShAQTu4AGe4Nm6tx6tF+t12lqwZjPb8A3W2yewL5UW</latexit><latexit sha1_base64="Iw0wMD5hMp74QXlofpYgW3dlvwU=">AAACAXicjVDLSsNAFL2pr1pfUTeCm8EiuKpJEXQjFN24kgr2AU0Mk+mkHTqZhJmJUELd+CtuXCji1r9w5984fSxUFDxw4XDOvdx7T5hyprTjfFiFufmFxaXicmlldW19w97caqokk4Q2SMIT2Q6xopwJ2tBMc9pOJcVxyGkrHJyP/dYtlYol4loPU+rHuCdYxAjWRgrsHY+mivFEoFPkHl4G5KaKPM6RG9hlt+JMgP4mZZihHtjvXjchWUyFJhwr1XGdVPs5lpoRTkclL1M0xWSAe7RjqMAxVX4++WCE9o3SRVEiTQmNJurXiRzHSg3j0HTGWPfVT28s/uZ1Mh2d+DkTaaapINNFUcaRTtA4DtRlkhLNh4ZgIpm5FZE+lphoE1rpfyE0qxXX8Kujcu1sFkcRdmEPDsCFY6jBBdShAQTu4AGe4Nm6tx6tF+t12lqwZjPb8A3W2yewL5UW</latexit><latexit sha1_base64="Iw0wMD5hMp74QXlofpYgW3dlvwU=">AAACAXicjVDLSsNAFL2pr1pfUTeCm8EiuKpJEXQjFN24kgr2AU0Mk+mkHTqZhJmJUELd+CtuXCji1r9w5984fSxUFDxw4XDOvdx7T5hyprTjfFiFufmFxaXicmlldW19w97caqokk4Q2SMIT2Q6xopwJ2tBMc9pOJcVxyGkrHJyP/dYtlYol4loPU+rHuCdYxAjWRgrsHY+mivFEoFPkHl4G5KaKPM6RG9hlt+JMgP4mZZihHtjvXjchWUyFJhwr1XGdVPs5lpoRTkclL1M0xWSAe7RjqMAxVX4++WCE9o3SRVEiTQmNJurXiRzHSg3j0HTGWPfVT28s/uZ1Mh2d+DkTaaapINNFUcaRTtA4DtRlkhLNh4ZgIpm5FZE+lphoE1rpfyE0qxXX8Kujcu1sFkcRdmEPDsCFY6jBBdShAQTu4AGe4Nm6tx6tF+t12lqwZjPb8A3W2yewL5UW</latexit><latexit sha1_base64="Iw0wMD5hMp74QXlofpYgW3dlvwU=">AAACAXicjVDLSsNAFL2pr1pfUTeCm8EiuKpJEXQjFN24kgr2AU0Mk+mkHTqZhJmJUELd+CtuXCji1r9w5984fSxUFDxw4XDOvdx7T5hyprTjfFiFufmFxaXicmlldW19w97caqokk4Q2SMIT2Q6xopwJ2tBMc9pOJcVxyGkrHJyP/dYtlYol4loPU+rHuCdYxAjWRgrsHY+mivFEoFPkHl4G5KaKPM6RG9hlt+JMgP4mZZihHtjvXjchWUyFJhwr1XGdVPs5lpoRTkclL1M0xWSAe7RjqMAxVX4++WCE9o3SRVEiTQmNJurXiRzHSg3j0HTGWPfVT28s/uZ1Mh2d+DkTaaapINNFUcaRTtA4DtRlkhLNh4ZgIpm5FZE+lphoE1rpfyE0qxXX8Kujcu1sFkcRdmEPDsCFY6jBBdShAQTu4AGe4Nm6tx6tF+t12lqwZjPb8A3W2yewL5UW</latexit>

scrambling time t⇤ =
1

�L
lnN

<latexit sha1_base64="fsVdClbn8olZ1i2UVXunWjwXGME=">AAACCHicjVDLSsNAFJ34rPUVdenCwSKIi9KIoBuh6MaFSAX7gCaEyWTSDp1MwsyNUEKWbvwVNy4UcesnuPNvnD4WKgoeuHA45x5m7glSwTXUah/WzOzc/MJiaam8vLK6tm5vbLZ0kinKmjQRieoERDPBJWsCB8E6qWIkDgRrB4Pzkd++ZUrzRN7AMGVeTHqSR5wSMJJv74B/gE+xGylCc6fIXWGyIfEvC+wKia98u+JUa2Pgv0kFTdHw7Xc3TGgWMwlUEK27Ti0FLycKOBWsKLuZZimhA9JjXUMliZn28vEhBd4zSoijRJmRgMfq10ROYq2HcWA2YwJ9/dMbib953QyiEy/nMs2ASTp5KMoEhgSPWsEhV4yCGBpCqOLmr5j2iekETHfl/5XQOqw6hl8fVepn0zpKaBvton3koGNURxeogZqIojv0gJ7Qs3VvPVov1utkdcaaZrbQN1hvn+3cmKM=</latexit><latexit sha1_base64="fsVdClbn8olZ1i2UVXunWjwXGME=">AAACCHicjVDLSsNAFJ34rPUVdenCwSKIi9KIoBuh6MaFSAX7gCaEyWTSDp1MwsyNUEKWbvwVNy4UcesnuPNvnD4WKgoeuHA45x5m7glSwTXUah/WzOzc/MJiaam8vLK6tm5vbLZ0kinKmjQRieoERDPBJWsCB8E6qWIkDgRrB4Pzkd++ZUrzRN7AMGVeTHqSR5wSMJJv74B/gE+xGylCc6fIXWGyIfEvC+wKia98u+JUa2Pgv0kFTdHw7Xc3TGgWMwlUEK27Ti0FLycKOBWsKLuZZimhA9JjXUMliZn28vEhBd4zSoijRJmRgMfq10ROYq2HcWA2YwJ9/dMbib953QyiEy/nMs2ASTp5KMoEhgSPWsEhV4yCGBpCqOLmr5j2iekETHfl/5XQOqw6hl8fVepn0zpKaBvton3koGNURxeogZqIojv0gJ7Qs3VvPVov1utkdcaaZrbQN1hvn+3cmKM=</latexit><latexit sha1_base64="fsVdClbn8olZ1i2UVXunWjwXGME=">AAACCHicjVDLSsNAFJ34rPUVdenCwSKIi9KIoBuh6MaFSAX7gCaEyWTSDp1MwsyNUEKWbvwVNy4UcesnuPNvnD4WKgoeuHA45x5m7glSwTXUah/WzOzc/MJiaam8vLK6tm5vbLZ0kinKmjQRieoERDPBJWsCB8E6qWIkDgRrB4Pzkd++ZUrzRN7AMGVeTHqSR5wSMJJv74B/gE+xGylCc6fIXWGyIfEvC+wKia98u+JUa2Pgv0kFTdHw7Xc3TGgWMwlUEK27Ti0FLycKOBWsKLuZZimhA9JjXUMliZn28vEhBd4zSoijRJmRgMfq10ROYq2HcWA2YwJ9/dMbib953QyiEy/nMs2ASTp5KMoEhgSPWsEhV4yCGBpCqOLmr5j2iekETHfl/5XQOqw6hl8fVepn0zpKaBvton3koGNURxeogZqIojv0gJ7Qs3VvPVov1utkdcaaZrbQN1hvn+3cmKM=</latexit><latexit sha1_base64="fsVdClbn8olZ1i2UVXunWjwXGME=">AAACCHicjVDLSsNAFJ34rPUVdenCwSKIi9KIoBuh6MaFSAX7gCaEyWTSDp1MwsyNUEKWbvwVNy4UcesnuPNvnD4WKgoeuHA45x5m7glSwTXUah/WzOzc/MJiaam8vLK6tm5vbLZ0kinKmjQRieoERDPBJWsCB8E6qWIkDgRrB4Pzkd++ZUrzRN7AMGVeTHqSR5wSMJJv74B/gE+xGylCc6fIXWGyIfEvC+wKia98u+JUa2Pgv0kFTdHw7Xc3TGgWMwlUEK27Ti0FLycKOBWsKLuZZimhA9JjXUMliZn28vEhBd4zSoijRJmRgMfq10ROYq2HcWA2YwJ9/dMbib953QyiEy/nMs2ASTp5KMoEhgSPWsEhV4yCGBpCqOLmr5j2iekETHfl/5XQOqw6hl8fVepn0zpKaBvton3koGNURxeogZqIojv0gJ7Qs3VvPVov1utkdcaaZrbQN1hvn+3cmKM=</latexit>

C H A O S



• Lyapunov exponent and butterfly velocity follow from the holographic shock 
wave on the horizon of a two-sided black hole 

• Lyapunov exponent saturates the Maldacena-Shenker-Stanford bound 

• what is the precise connection between hydrodynamics and chaos?
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C H A O S  I N  H O L O G R A P H Y



• the phenomenon of pole-skipping makes precise the analytic connection 
between hydrodynamics and chaos; true in “all” classical holographic 
theories [Grozdanov, Schalm, Scopelliti, PRL 120 (2018) 23, 231601 arXiv:1710.00921;  
Blake, Lee, Liu, JHEP 10, 127 (2018), arXiv:1801.00010;  
Blake, Davison, Grozdanov, and Liu, JHEP 10, 035 (2018), arXiv:1809.01169]  

• resumed all-order hydrodynamic series (e.g. the sound channel)  
 
 
 
passes through the “point of chaos” 
 
 
which is defined through the fact that the (longitudinal) retarded energy density 
two point function has both a pole and a zero at this point
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Pc : !(k = ik0) = i�L, �L = 2⇡T, k0 = �L/vB
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• in              SYM theory at infinite Nc: 
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• the reason for pole-skipping in holography is a special, new property of 
Einstein’s equations at the horizon, which shall remain unexplained for today 
[Blake, Davison, Grozdanov, and Liu, JHEP 10, 035 (2018), arXiv:1809.01169]

point of chaos is inside  
the radius of convergence

• simple example: the SYK chain [Gu, Qi, Stanford (2017)]
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<latexit sha1_base64="O5BWuL7VRunUX9ALy32LGOWFBBU=">AAACMHicjZDLSgMxGIUz9VbrbdSlm2ARXJWpCLoRSlV04aKCvUBnGDKZTBuayYxJplCm80hufBTdKCji1qcwvYAXKnggcPjO/5PkeDGjUlnWs5Gbm19YXMovF1ZW19Y3zM2thowSgUkdRywSLQ9JwigndUUVI61YEBR6jDS93ukob/aJkDTiN2oQEydEHU4DipHSyDUvhj3XGsITaAcC4dRmetVH7lWW9t1qNovb8laoLwDP3PMsg65ZLJesseDfpgimqrnmg+1HOAkJV5ghKdtlK1ZOioSimJGsYCeSxAj3UIe0teUoJNJJxx/O4J4mPgwioQ9XcEy/b6QolHIQenoyRKorf2cjOCtrJyo4dlLK40QRjicXBQmDKoKj9qBPBcGKDbRBWFD9Voi7SDekdMeF/5XQOCiVtb8+LFaq0zryYAfsgn1QBkegAi5BDdQBBnfgEbyAV+PeeDLejPfJaM6Y7myDHzI+PgFWzanF</latexit><latexit sha1_base64="O5BWuL7VRunUX9ALy32LGOWFBBU=">AAACMHicjZDLSgMxGIUz9VbrbdSlm2ARXJWpCLoRSlV04aKCvUBnGDKZTBuayYxJplCm80hufBTdKCji1qcwvYAXKnggcPjO/5PkeDGjUlnWs5Gbm19YXMovF1ZW19Y3zM2thowSgUkdRywSLQ9JwigndUUVI61YEBR6jDS93ukob/aJkDTiN2oQEydEHU4DipHSyDUvhj3XGsITaAcC4dRmetVH7lWW9t1qNovb8laoLwDP3PMsg65ZLJesseDfpgimqrnmg+1HOAkJV5ghKdtlK1ZOioSimJGsYCeSxAj3UIe0teUoJNJJxx/O4J4mPgwioQ9XcEy/b6QolHIQenoyRKorf2cjOCtrJyo4dlLK40QRjicXBQmDKoKj9qBPBcGKDbRBWFD9Voi7SDekdMeF/5XQOCiVtb8+LFaq0zryYAfsgn1QBkegAi5BDdQBBnfgEbyAV+PeeDLejPfJaM6Y7myDHzI+PgFWzanF</latexit><latexit sha1_base64="O5BWuL7VRunUX9ALy32LGOWFBBU=">AAACMHicjZDLSgMxGIUz9VbrbdSlm2ARXJWpCLoRSlV04aKCvUBnGDKZTBuayYxJplCm80hufBTdKCji1qcwvYAXKnggcPjO/5PkeDGjUlnWs5Gbm19YXMovF1ZW19Y3zM2thowSgUkdRywSLQ9JwigndUUVI61YEBR6jDS93ukob/aJkDTiN2oQEydEHU4DipHSyDUvhj3XGsITaAcC4dRmetVH7lWW9t1qNovb8laoLwDP3PMsg65ZLJesseDfpgimqrnmg+1HOAkJV5ghKdtlK1ZOioSimJGsYCeSxAj3UIe0teUoJNJJxx/O4J4mPgwioQ9XcEy/b6QolHIQenoyRKorf2cjOCtrJyo4dlLK40QRjicXBQmDKoKj9qBPBcGKDbRBWFD9Voi7SDekdMeF/5XQOCiVtb8+LFaq0zryYAfsgn1QBkegAi5BDdQBBnfgEbyAV+PeeDLejPfJaM6Y7myDHzI+PgFWzanF</latexit><latexit sha1_base64="O5BWuL7VRunUX9ALy32LGOWFBBU=">AAACMHicjZDLSgMxGIUz9VbrbdSlm2ARXJWpCLoRSlV04aKCvUBnGDKZTBuayYxJplCm80hufBTdKCji1qcwvYAXKnggcPjO/5PkeDGjUlnWs5Gbm19YXMovF1ZW19Y3zM2thowSgUkdRywSLQ9JwigndUUVI61YEBR6jDS93ukob/aJkDTiN2oQEydEHU4DipHSyDUvhj3XGsITaAcC4dRmetVH7lWW9t1qNovb8laoLwDP3PMsg65ZLJesseDfpgimqrnmg+1HOAkJV5ghKdtlK1ZOioSimJGsYCeSxAj3UIe0teUoJNJJxx/O4J4mPgwioQ9XcEy/b6QolHIQenoyRKorf2cjOCtrJyo4dlLK40QRjicXBQmDKoKj9qBPBcGKDbRBWFD9Voi7SDekdMeF/5XQOCiVtb8+LFaq0zryYAfsgn1QBkegAi5BDdQBBnfgEbyAV+PeeDLejPfJaM6Y7myDHzI+PgFWzanF</latexit>



• pole-skipping occurs in all channels for complex values of frequencies and 

momenta on the circles with fixed absolute values  
[Grozdanov, Kovtun, Starinets, Tadić (2019); Blake, Davison, Vegh (2019)]

!23

Psound
c : !(k = kc) = i�L, kc = ik0

Pshear
c : !(k = kc) = �i�L kc = k0

Pscalar
c : !(k = kc) = �i�L kc = ik0

<latexit sha1_base64="slJqEk8ZzQKSPZP28gZK1QKhrH4="></latexit><latexit sha1_base64="slJqEk8ZzQKSPZP28gZK1QKhrH4="></latexit><latexit sha1_base64="slJqEk8ZzQKSPZP28gZK1QKhrH4="></latexit><latexit sha1_base64="slJqEk8ZzQKSPZP28gZK1QKhrH4="></latexit>

|kc|, |!(k = kc)|
<latexit sha1_base64="fXU+2p7Lz1geURdsgNE11DofQA8=">AAACAHicjZDLSsNAGIUnXmu9RV24cBMsQoVSEhF0IxTduKxgL9CEMJlO2iFzCTMToSTd+CpuXCji1sdw59s4vSxUFDwwcPjO/zMzJ0opUdp1P6yFxaXlldXSWnl9Y3Nr297ZbSuRSYRbSFAhuxFUmBKOW5poirupxJBFFHei5GqSd+6wVETwWz1KccDggJOYIKgNCu39IglRUfNrhS8YHsBqcmHAcRHaFa/uTuX8bSpgrmZov/t9gTKGuUYUKtXz3FQHOZSaIIrHZT9TOIUogQPcM5ZDhlWQTz8wdo4M6TuxkOZw7Uzp140cMqVGLDKTDOqh+plN4G9ZL9PxeZATnmYaczS7KM6oo4UzacPpE4mRpiNjIJLEvNVBQygh0qaz8v9KaJ/UPeNvTiuNy3kdJXAADkEVeOAMNMA1aIIWQGAMHsATeLburUfrxXqdjS5Y85098E3W2yfl0pXw</latexit><latexit sha1_base64="fXU+2p7Lz1geURdsgNE11DofQA8=">AAACAHicjZDLSsNAGIUnXmu9RV24cBMsQoVSEhF0IxTduKxgL9CEMJlO2iFzCTMToSTd+CpuXCji1sdw59s4vSxUFDwwcPjO/zMzJ0opUdp1P6yFxaXlldXSWnl9Y3Nr297ZbSuRSYRbSFAhuxFUmBKOW5poirupxJBFFHei5GqSd+6wVETwWz1KccDggJOYIKgNCu39IglRUfNrhS8YHsBqcmHAcRHaFa/uTuX8bSpgrmZov/t9gTKGuUYUKtXz3FQHOZSaIIrHZT9TOIUogQPcM5ZDhlWQTz8wdo4M6TuxkOZw7Uzp140cMqVGLDKTDOqh+plN4G9ZL9PxeZATnmYaczS7KM6oo4UzacPpE4mRpiNjIJLEvNVBQygh0qaz8v9KaJ/UPeNvTiuNy3kdJXAADkEVeOAMNMA1aIIWQGAMHsATeLburUfrxXqdjS5Y85098E3W2yfl0pXw</latexit><latexit sha1_base64="fXU+2p7Lz1geURdsgNE11DofQA8=">AAACAHicjZDLSsNAGIUnXmu9RV24cBMsQoVSEhF0IxTduKxgL9CEMJlO2iFzCTMToSTd+CpuXCji1sdw59s4vSxUFDwwcPjO/zMzJ0opUdp1P6yFxaXlldXSWnl9Y3Nr297ZbSuRSYRbSFAhuxFUmBKOW5poirupxJBFFHei5GqSd+6wVETwWz1KccDggJOYIKgNCu39IglRUfNrhS8YHsBqcmHAcRHaFa/uTuX8bSpgrmZov/t9gTKGuUYUKtXz3FQHOZSaIIrHZT9TOIUogQPcM5ZDhlWQTz8wdo4M6TuxkOZw7Uzp140cMqVGLDKTDOqh+plN4G9ZL9PxeZATnmYaczS7KM6oo4UzacPpE4mRpiNjIJLEvNVBQygh0qaz8v9KaJ/UPeNvTiuNy3kdJXAADkEVeOAMNMA1aIIWQGAMHsATeLburUfrxXqdjS5Y85098E3W2yfl0pXw</latexit><latexit sha1_base64="fXU+2p7Lz1geURdsgNE11DofQA8=">AAACAHicjZDLSsNAGIUnXmu9RV24cBMsQoVSEhF0IxTduKxgL9CEMJlO2iFzCTMToSTd+CpuXCji1sdw59s4vSxUFDwwcPjO/zMzJ0opUdp1P6yFxaXlldXSWnl9Y3Nr297ZbSuRSYRbSFAhuxFUmBKOW5poirupxJBFFHei5GqSd+6wVETwWz1KccDggJOYIKgNCu39IglRUfNrhS8YHsBqcmHAcRHaFa/uTuX8bSpgrmZov/t9gTKGuUYUKtXz3FQHOZSaIIrHZT9TOIUogQPcM5ZDhlWQTz8wdo4M6TuxkOZw7Uzp140cMqVGLDKTDOqh+plN4G9ZL9PxeZATnmYaczS7KM6oo4UzacPpE4mRpiNjIJLEvNVBQygh0qaz8v9KaJ/UPeNvTiuNy3kdJXAADkEVeOAMNMA1aIIWQGAMHsATeLburUfrxXqdjS5Y85098E3W2yfl0pXw</latexit>

• in the scalar channel, there are no hydrodynamic modes 

• a gapped mode experiences pole-skipping

hTtt(�!,�kz), Ttt(!, kz)i
<latexit sha1_base64="axje0WqUZErBMdveSmg/jxzOFjE=">AAACL3icjZBLSwMxFIUz9VXrq+rSTbAIClo6IuiyKIhLhVaFThky6Z1paCYzJHeEOvQfufGvuBFRxK3/wvSBqCh4IHD4zr0kOUEqhcFa7ckpTE3PzM4V50sLi0vLK+XVtUuTZJpDkycy0dcBMyCFgiYKlHCdamBxIOEq6J0M86sb0EYkqoH9FNoxi5QIBWdokV8+9SSE6EmmIgm04eeIA7q95yUxRGx3r+ff7ux+4gmlQ0o9LaIuenq06ZcrbrU2Ev3bVMhE5375weskPItBIZfMmJZbS7GdM42CSxiUvMxAyniPRdCyVrEYTDsf/XdAtyzp0DDR9iikI/p1I2exMf04sJMxw675mQ3hb1krw/ConQuVZgiKjy8KM0kxocPyaEdo4Cj71jCuhX0r5V2mGUdbcel/JVzuV13rLw4q9eNJHUWyQTbJNnHJIamTM3JOmoSTO/JAnsmLc+88Oq/O23i04Ex21sk3Oe8fw8aoRw==</latexit><latexit sha1_base64="axje0WqUZErBMdveSmg/jxzOFjE=">AAACL3icjZBLSwMxFIUz9VXrq+rSTbAIClo6IuiyKIhLhVaFThky6Z1paCYzJHeEOvQfufGvuBFRxK3/wvSBqCh4IHD4zr0kOUEqhcFa7ckpTE3PzM4V50sLi0vLK+XVtUuTZJpDkycy0dcBMyCFgiYKlHCdamBxIOEq6J0M86sb0EYkqoH9FNoxi5QIBWdokV8+9SSE6EmmIgm04eeIA7q95yUxRGx3r+ff7ux+4gmlQ0o9LaIuenq06ZcrbrU2Ev3bVMhE5375weskPItBIZfMmJZbS7GdM42CSxiUvMxAyniPRdCyVrEYTDsf/XdAtyzp0DDR9iikI/p1I2exMf04sJMxw675mQ3hb1krw/ConQuVZgiKjy8KM0kxocPyaEdo4Cj71jCuhX0r5V2mGUdbcel/JVzuV13rLw4q9eNJHUWyQTbJNnHJIamTM3JOmoSTO/JAnsmLc+88Oq/O23i04Ex21sk3Oe8fw8aoRw==</latexit><latexit sha1_base64="axje0WqUZErBMdveSmg/jxzOFjE=">AAACL3icjZBLSwMxFIUz9VXrq+rSTbAIClo6IuiyKIhLhVaFThky6Z1paCYzJHeEOvQfufGvuBFRxK3/wvSBqCh4IHD4zr0kOUEqhcFa7ckpTE3PzM4V50sLi0vLK+XVtUuTZJpDkycy0dcBMyCFgiYKlHCdamBxIOEq6J0M86sb0EYkqoH9FNoxi5QIBWdokV8+9SSE6EmmIgm04eeIA7q95yUxRGx3r+ff7ux+4gmlQ0o9LaIuenq06ZcrbrU2Ev3bVMhE5375weskPItBIZfMmJZbS7GdM42CSxiUvMxAyniPRdCyVrEYTDsf/XdAtyzp0DDR9iikI/p1I2exMf04sJMxw675mQ3hb1krw/ConQuVZgiKjy8KM0kxocPyaEdo4Cj71jCuhX0r5V2mGUdbcel/JVzuV13rLw4q9eNJHUWyQTbJNnHJIamTM3JOmoSTO/JAnsmLc+88Oq/O23i04Ex21sk3Oe8fw8aoRw==</latexit><latexit sha1_base64="axje0WqUZErBMdveSmg/jxzOFjE=">AAACL3icjZBLSwMxFIUz9VXrq+rSTbAIClo6IuiyKIhLhVaFThky6Z1paCYzJHeEOvQfufGvuBFRxK3/wvSBqCh4IHD4zr0kOUEqhcFa7ckpTE3PzM4V50sLi0vLK+XVtUuTZJpDkycy0dcBMyCFgiYKlHCdamBxIOEq6J0M86sb0EYkqoH9FNoxi5QIBWdokV8+9SSE6EmmIgm04eeIA7q95yUxRGx3r+ff7ux+4gmlQ0o9LaIuenq06ZcrbrU2Ev3bVMhE5375weskPItBIZfMmJZbS7GdM42CSxiUvMxAyniPRdCyVrEYTDsf/XdAtyzp0DDR9iikI/p1I2exMf04sJMxw675mQ3hb1krw/ConQuVZgiKjy8KM0kxocPyaEdo4Cj71jCuhX0r5V2mGUdbcel/JVzuV13rLw4q9eNJHUWyQTbJNnHJIamTM3JOmoSTO/JAnsmLc+88Oq/O23i04Ex21sk3Oe8fw8aoRw==</latexit>

hTxz(�!,�kz), Txz(!, kz)i
<latexit sha1_base64="1iHQa8TwnEwoNeQ6u+ZUD/v4Xr4=">AAACL3icjZBLSwMxFIUzvq2vqks3wSJUUGlF0KUoiMsKrRY6Zcikd6ahmcyQ3BHbof/IjX+lGxFF3PovTB+IioIHAofv3EuS4ydSGCyVnpyp6ZnZufmFxdzS8srqWn5949rEqeZQ47GMdd1nBqRQUEOBEuqJBhb5Em78zvkwv7kFbUSsqthNoBmxUIlAcIYWefkLV0KArmQqlECrXnbX69PivhtHELK9/Y7X2937xBNKh5S6WoRtdPVo08sXygelkejfpkAmqnj5gduKeRqBQi6ZMY1yKcFmxjQKLqGfc1MDCeMdFkLDWsUiMM1s9N8+3bGkRYNY26OQjujXjYxFxnQj305GDNvmZzaEv2WNFIOTZiZUkiIoPr4oSCXFmA7Loy2hgaPsWsO4FvatlLeZZhxtxbn/lXB9eFC2/uqocHo2qWOBbJFtUiRlckxOySWpkBrh5J4MyDN5cR6cR+fVeRuPTjmTnU3yTc77B+VIqFs=</latexit><latexit sha1_base64="1iHQa8TwnEwoNeQ6u+ZUD/v4Xr4=">AAACL3icjZBLSwMxFIUzvq2vqks3wSJUUGlF0KUoiMsKrRY6Zcikd6ahmcyQ3BHbof/IjX+lGxFF3PovTB+IioIHAofv3EuS4ydSGCyVnpyp6ZnZufmFxdzS8srqWn5949rEqeZQ47GMdd1nBqRQUEOBEuqJBhb5Em78zvkwv7kFbUSsqthNoBmxUIlAcIYWefkLV0KArmQqlECrXnbX69PivhtHELK9/Y7X2937xBNKh5S6WoRtdPVo08sXygelkejfpkAmqnj5gduKeRqBQi6ZMY1yKcFmxjQKLqGfc1MDCeMdFkLDWsUiMM1s9N8+3bGkRYNY26OQjujXjYxFxnQj305GDNvmZzaEv2WNFIOTZiZUkiIoPr4oSCXFmA7Loy2hgaPsWsO4FvatlLeZZhxtxbn/lXB9eFC2/uqocHo2qWOBbJFtUiRlckxOySWpkBrh5J4MyDN5cR6cR+fVeRuPTjmTnU3yTc77B+VIqFs=</latexit><latexit sha1_base64="1iHQa8TwnEwoNeQ6u+ZUD/v4Xr4=">AAACL3icjZBLSwMxFIUzvq2vqks3wSJUUGlF0KUoiMsKrRY6Zcikd6ahmcyQ3BHbof/IjX+lGxFF3PovTB+IioIHAofv3EuS4ydSGCyVnpyp6ZnZufmFxdzS8srqWn5949rEqeZQ47GMdd1nBqRQUEOBEuqJBhb5Em78zvkwv7kFbUSsqthNoBmxUIlAcIYWefkLV0KArmQqlECrXnbX69PivhtHELK9/Y7X2937xBNKh5S6WoRtdPVo08sXygelkejfpkAmqnj5gduKeRqBQi6ZMY1yKcFmxjQKLqGfc1MDCeMdFkLDWsUiMM1s9N8+3bGkRYNY26OQjujXjYxFxnQj305GDNvmZzaEv2WNFIOTZiZUkiIoPr4oSCXFmA7Loy2hgaPsWsO4FvatlLeZZhxtxbn/lXB9eFC2/uqocHo2qWOBbJFtUiRlckxOySWpkBrh5J4MyDN5cR6cR+fVeRuPTjmTnU3yTc77B+VIqFs=</latexit><latexit sha1_base64="1iHQa8TwnEwoNeQ6u+ZUD/v4Xr4=">AAACL3icjZBLSwMxFIUzvq2vqks3wSJUUGlF0KUoiMsKrRY6Zcikd6ahmcyQ3BHbof/IjX+lGxFF3PovTB+IioIHAofv3EuS4ydSGCyVnpyp6ZnZufmFxdzS8srqWn5949rEqeZQ47GMdd1nBqRQUEOBEuqJBhb5Em78zvkwv7kFbUSsqthNoBmxUIlAcIYWefkLV0KArmQqlECrXnbX69PivhtHELK9/Y7X2937xBNKh5S6WoRtdPVo08sXygelkejfpkAmqnj5gduKeRqBQi6ZMY1yKcFmxjQKLqGfc1MDCeMdFkLDWsUiMM1s9N8+3bGkRYNY26OQjujXjYxFxnQj305GDNvmZzaEv2WNFIOTZiZUkiIoPr4oSCXFmA7Loy2hgaPsWsO4FvatlLeZZhxtxbn/lXB9eFC2/uqocHo2qWOBbJFtUiRlckxOySWpkBrh5J4MyDN5cR6cR+fVeRuPTjmTnU3yTc77B+VIqFs=</latexit>

hTxy(�!,�kz), Txy(!, kz)i
<latexit sha1_base64="9waKywNVK4OQtQPbAtTs7Xjcua0=">AAACL3icjZDNSgMxFIUz/lv/qi7dBIugYEsrgi6Lgris0NpCpwyZ9M40NJMZkjtiHfpGbnwVNyKKuPUtTGsRFQUPBA7fuZckx0+kMFguPzpT0zOzc/MLi7ml5ZXVtfz6xqWJU82hwWMZ65bPDEihoIECJbQSDSzyJTT9/ukob16BNiJWdRwk0IlYqEQgOEOLvPyZKyFAVzIVSqB1L7seDOlu0Y0jCNl+se/d7O1/4gmlI0pdLcIeunq86eULlVJ5LPq3KZCJal7+3u3GPI1AIZfMmHalnGAnYxoFlzDMuamBhPE+C6FtrWIRmE42/u+Q7ljSpUGs7VFIx/TrRsYiYwaRbycjhj3zMxvB37J2isFxJxMqSREU/7goSCXFmI7Ko12hgaMcWMO4FvatlPeYZhxtxbn/lXB5UKpYf3FYqJ5M6lggW2Sb7JIKOSJVck5qpEE4uSX35Ik8O3fOg/PivH6MTjmTnU3yTc7bO+HvqFk=</latexit><latexit sha1_base64="9waKywNVK4OQtQPbAtTs7Xjcua0=">AAACL3icjZDNSgMxFIUz/lv/qi7dBIugYEsrgi6Lgris0NpCpwyZ9M40NJMZkjtiHfpGbnwVNyKKuPUtTGsRFQUPBA7fuZckx0+kMFguPzpT0zOzc/MLi7ml5ZXVtfz6xqWJU82hwWMZ65bPDEihoIECJbQSDSzyJTT9/ukob16BNiJWdRwk0IlYqEQgOEOLvPyZKyFAVzIVSqB1L7seDOlu0Y0jCNl+se/d7O1/4gmlI0pdLcIeunq86eULlVJ5LPq3KZCJal7+3u3GPI1AIZfMmHalnGAnYxoFlzDMuamBhPE+C6FtrWIRmE42/u+Q7ljSpUGs7VFIx/TrRsYiYwaRbycjhj3zMxvB37J2isFxJxMqSREU/7goSCXFmI7Ko12hgaMcWMO4FvatlPeYZhxtxbn/lXB5UKpYf3FYqJ5M6lggW2Sb7JIKOSJVck5qpEE4uSX35Ik8O3fOg/PivH6MTjmTnU3yTc7bO+HvqFk=</latexit><latexit sha1_base64="9waKywNVK4OQtQPbAtTs7Xjcua0=">AAACL3icjZDNSgMxFIUz/lv/qi7dBIugYEsrgi6Lgris0NpCpwyZ9M40NJMZkjtiHfpGbnwVNyKKuPUtTGsRFQUPBA7fuZckx0+kMFguPzpT0zOzc/MLi7ml5ZXVtfz6xqWJU82hwWMZ65bPDEihoIECJbQSDSzyJTT9/ukob16BNiJWdRwk0IlYqEQgOEOLvPyZKyFAVzIVSqB1L7seDOlu0Y0jCNl+se/d7O1/4gmlI0pdLcIeunq86eULlVJ5LPq3KZCJal7+3u3GPI1AIZfMmHalnGAnYxoFlzDMuamBhPE+C6FtrWIRmE42/u+Q7ljSpUGs7VFIx/TrRsYiYwaRbycjhj3zMxvB37J2isFxJxMqSREU/7goSCXFmI7Ko12hgaMcWMO4FvatlPeYZhxtxbn/lXB5UKpYf3FYqJ5M6lggW2Sb7JIKOSJVck5qpEE4uSX35Ik8O3fOg/PivH6MTjmTnU3yTc7bO+HvqFk=</latexit><latexit sha1_base64="9waKywNVK4OQtQPbAtTs7Xjcua0=">AAACL3icjZDNSgMxFIUz/lv/qi7dBIugYEsrgi6Lgris0NpCpwyZ9M40NJMZkjtiHfpGbnwVNyKKuPUtTGsRFQUPBA7fuZckx0+kMFguPzpT0zOzc/MLi7ml5ZXVtfz6xqWJU82hwWMZ65bPDEihoIECJbQSDSzyJTT9/ukob16BNiJWdRwk0IlYqEQgOEOLvPyZKyFAVzIVSqB1L7seDOlu0Y0jCNl+se/d7O1/4gmlI0pdLcIeunq86eULlVJ5LPq3KZCJal7+3u3GPI1AIZfMmHalnGAnYxoFlzDMuamBhPE+C6FtrWIRmE42/u+Q7ljSpUGs7VFIx/TrRsYiYwaRbycjhj3zMxvB37J2isFxJxMqSREU/7goSCXFmI7Ko12hgaMcWMO4FvatlPeYZhxtxbn/lXB5UKpYf3FYqJ5M6lggW2Sb7JIKOSJVck5qpEE4uSX35Ik8O3fOg/PivH6MTjmTnU3yTc7bO+HvqFk=</latexit>
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N = 4

0.0 0.5 1.0 1.5 2.0
0

1

2

3

4

! = � i

4⇡T
q2 � i(1� ln 2)

32⇡3T 3
q4 � i(24 ln2 2� ⇡2)

96 (2⇡T )5
q6

�
i
⇥
2⇡2(ln 32� 1)� 21⇣(3)� 24 ln 2(1 + ln 2(ln 32� 3))

⇤

384 (2⇡T )7
q8 + · · ·

<latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit>

shear (diffusion):

q0 2 R
<latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit>

P O L E - S K I P P I N G

Lyapunov exponent : �L = |!c| = 2⇡T

butterfly velocity : vB = |!c/qc|
<latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit>

di↵usion : !c = !(qc = q0) = �i�L

sound : !c = !(qc = iq0) = i�L
<latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit>

hTxz(�!,�qz), Txz(!, qz)i
<latexit sha1_base64="SZ1GbvAHFMVnw1hwbjliT/4CBBc=">AAACInicjZBLSwMxFIUzPmt9VV26CRahQltaEdRd0Y3LCn1BpwyZ9E4bmsmMSUZsh/4WN/4VNy4UdSX4Y8y0RVQUPBA4fOdekhw35EzpUunNmptfWFxaTq2kV9fWNzYzW9sNFUSSQp0GPJAtlyjgTEBdM82hFUogvsuh6Q7Ok7x5DVKxQNT0MISOT3qCeYwSbZCTObU5ET0OuObEN6MxzhXswIceyReunNFB/hPPaAJtOdlwMtlysTQR/ttk0UxVJ/NidwMa+SA05USpdrkU6k5MpGaUwzhtRwpCQgekB21jBfFBdeLJF8d435Au9gJpjtB4Qr9uxMRXaui7ZtInuq9+Zgn8LWtH2jvpxEyEkQZBpxd5Ecc6wElfuMskUM2HxhAqmXkrpn0iCdWm1fT/SmgcFsvGXx5lK2ezOlJoF+2hHCqjY1RBF6iK6oiiW3SPHtGTdWc9WM/W63R0zprt7KBvst4/AK+QoyQ=</latexit><latexit sha1_base64="SZ1GbvAHFMVnw1hwbjliT/4CBBc=">AAACInicjZBLSwMxFIUzPmt9VV26CRahQltaEdRd0Y3LCn1BpwyZ9E4bmsmMSUZsh/4WN/4VNy4UdSX4Y8y0RVQUPBA4fOdekhw35EzpUunNmptfWFxaTq2kV9fWNzYzW9sNFUSSQp0GPJAtlyjgTEBdM82hFUogvsuh6Q7Ok7x5DVKxQNT0MISOT3qCeYwSbZCTObU5ET0OuObEN6MxzhXswIceyReunNFB/hPPaAJtOdlwMtlysTQR/ttk0UxVJ/NidwMa+SA05USpdrkU6k5MpGaUwzhtRwpCQgekB21jBfFBdeLJF8d435Au9gJpjtB4Qr9uxMRXaui7ZtInuq9+Zgn8LWtH2jvpxEyEkQZBpxd5Ecc6wElfuMskUM2HxhAqmXkrpn0iCdWm1fT/SmgcFsvGXx5lK2ezOlJoF+2hHCqjY1RBF6iK6oiiW3SPHtGTdWc9WM/W63R0zprt7KBvst4/AK+QoyQ=</latexit><latexit sha1_base64="SZ1GbvAHFMVnw1hwbjliT/4CBBc=">AAACInicjZBLSwMxFIUzPmt9VV26CRahQltaEdRd0Y3LCn1BpwyZ9E4bmsmMSUZsh/4WN/4VNy4UdSX4Y8y0RVQUPBA4fOdekhw35EzpUunNmptfWFxaTq2kV9fWNzYzW9sNFUSSQp0GPJAtlyjgTEBdM82hFUogvsuh6Q7Ok7x5DVKxQNT0MISOT3qCeYwSbZCTObU5ET0OuObEN6MxzhXswIceyReunNFB/hPPaAJtOdlwMtlysTQR/ttk0UxVJ/NidwMa+SA05USpdrkU6k5MpGaUwzhtRwpCQgekB21jBfFBdeLJF8d435Au9gJpjtB4Qr9uxMRXaui7ZtInuq9+Zgn8LWtH2jvpxEyEkQZBpxd5Ecc6wElfuMskUM2HxhAqmXkrpn0iCdWm1fT/SmgcFsvGXx5lK2ezOlJoF+2hHCqjY1RBF6iK6oiiW3SPHtGTdWc9WM/W63R0zprt7KBvst4/AK+QoyQ=</latexit><latexit sha1_base64="SZ1GbvAHFMVnw1hwbjliT/4CBBc=">AAACInicjZBLSwMxFIUzPmt9VV26CRahQltaEdRd0Y3LCn1BpwyZ9E4bmsmMSUZsh/4WN/4VNy4UdSX4Y8y0RVQUPBA4fOdekhw35EzpUunNmptfWFxaTq2kV9fWNzYzW9sNFUSSQp0GPJAtlyjgTEBdM82hFUogvsuh6Q7Ok7x5DVKxQNT0MISOT3qCeYwSbZCTObU5ET0OuObEN6MxzhXswIceyReunNFB/hPPaAJtOdlwMtlysTQR/ttk0UxVJ/NidwMa+SA05USpdrkU6k5MpGaUwzhtRwpCQgekB21jBfFBdeLJF8d435Au9gJpjtB4Qr9uxMRXaui7ZtInuq9+Zgn8LWtH2jvpxEyEkQZBpxd5Ecc6wElfuMskUM2HxhAqmXkrpn0iCdWm1fT/SmgcFsvGXx5lK2ezOlJoF+2hHCqjY1RBF6iK6oiiW3SPHtGTdWc9WM/W63R0zprt7KBvst4/AK+QoyQ=</latexit>
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sound:

q0 2 R
<latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit>

! = ± 1p
3
q � i

6⇡T
q2 ± 3� 2 ln 2

24
p
3⇡2T 2

q3 �
i
�
⇡2 � 24 + 24 ln 2� 12 ln2 2

�

864⇡3T 3
q4 ± · · ·

<latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit>

P O L E - S K I P P I N G

di↵usion : !c = !(qc = q0) = �i�L

sound : !c = !(qc = iq0) = i�L
<latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit>

Lyapunov exponent : �L = |!c| = 2⇡T

butterfly velocity : vB = |!c/qc|
<latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit>

hTtt(�!,�qz), Ttt(!, qz)i
<latexit sha1_base64="kuX1k3NGlZCiboq7YM7aVQhnbeg=">AAACInicjZBLSwMxFIUzvq2vqks3wSIo2NIRQd2JblxW6As6Zcikt21oJjMmd4Q69Le48a+4caGoK8EfY/pAVBQ8EDh8516SnCCWwmCx+OZMTc/Mzs0vLGaWlldW17LrG1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgFvfNhXrsGbUSkytiPoRmyjhJtwRla5GdPPMlURwIt+ynigO7mvSiEDtvPX/k3e/ufeEKH0NOjDT+bcwvFkejfJkcmKvnZF68V8SQEhVwyYxpuMcZmyjQKLmGQ8RIDMeM91oGGtYqFYJrp6IsDumNJi7YjbY9COqJfN1IWGtMPAzsZMuyan9kQ/pY1EmwfN1Oh4gRB8fFF7URSjOiwL9oSGjjKvjWMa2HfSnmXacbRtpr5XwnVg4Jr/eVh7vRsUscC2SLbZJe45IickgtSIhXCyS25J4/kyblzHpxn53U8OuVMdjbJNznvH46uoxA=</latexit><latexit sha1_base64="kuX1k3NGlZCiboq7YM7aVQhnbeg=">AAACInicjZBLSwMxFIUzvq2vqks3wSIo2NIRQd2JblxW6As6Zcikt21oJjMmd4Q69Le48a+4caGoK8EfY/pAVBQ8EDh8516SnCCWwmCx+OZMTc/Mzs0vLGaWlldW17LrG1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgFvfNhXrsGbUSkytiPoRmyjhJtwRla5GdPPMlURwIt+ynigO7mvSiEDtvPX/k3e/ufeEKH0NOjDT+bcwvFkejfJkcmKvnZF68V8SQEhVwyYxpuMcZmyjQKLmGQ8RIDMeM91oGGtYqFYJrp6IsDumNJi7YjbY9COqJfN1IWGtMPAzsZMuyan9kQ/pY1EmwfN1Oh4gRB8fFF7URSjOiwL9oSGjjKvjWMa2HfSnmXacbRtpr5XwnVg4Jr/eVh7vRsUscC2SLbZJe45IickgtSIhXCyS25J4/kyblzHpxn53U8OuVMdjbJNznvH46uoxA=</latexit><latexit sha1_base64="kuX1k3NGlZCiboq7YM7aVQhnbeg=">AAACInicjZBLSwMxFIUzvq2vqks3wSIo2NIRQd2JblxW6As6Zcikt21oJjMmd4Q69Le48a+4caGoK8EfY/pAVBQ8EDh8516SnCCWwmCx+OZMTc/Mzs0vLGaWlldW17LrG1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgFvfNhXrsGbUSkytiPoRmyjhJtwRla5GdPPMlURwIt+ynigO7mvSiEDtvPX/k3e/ufeEKH0NOjDT+bcwvFkejfJkcmKvnZF68V8SQEhVwyYxpuMcZmyjQKLmGQ8RIDMeM91oGGtYqFYJrp6IsDumNJi7YjbY9COqJfN1IWGtMPAzsZMuyan9kQ/pY1EmwfN1Oh4gRB8fFF7URSjOiwL9oSGjjKvjWMa2HfSnmXacbRtpr5XwnVg4Jr/eVh7vRsUscC2SLbZJe45IickgtSIhXCyS25J4/kyblzHpxn53U8OuVMdjbJNznvH46uoxA=</latexit><latexit sha1_base64="kuX1k3NGlZCiboq7YM7aVQhnbeg=">AAACInicjZBLSwMxFIUzvq2vqks3wSIo2NIRQd2JblxW6As6Zcikt21oJjMmd4Q69Le48a+4caGoK8EfY/pAVBQ8EDh8516SnCCWwmCx+OZMTc/Mzs0vLGaWlldW17LrG1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgFvfNhXrsGbUSkytiPoRmyjhJtwRla5GdPPMlURwIt+ynigO7mvSiEDtvPX/k3e/ufeEKH0NOjDT+bcwvFkejfJkcmKvnZF68V8SQEhVwyYxpuMcZmyjQKLmGQ8RIDMeM91oGGtYqFYJrp6IsDumNJi7YjbY9COqJfN1IWGtMPAzsZMuyan9kQ/pY1EmwfN1Oh4gRB8fFF7URSjOiwL9oSGjjKvjWMa2HfSnmXacbRtpr5XwnVg4Jr/eVh7vRsUscC2SLbZJe45IickgtSIhXCyS25J4/kyblzHpxn53U8OuVMdjbJNznvH46uoxA=</latexit>
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scalar:
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Lyapunov exponent : �L = |!c| = 2⇡T

butterfly velocity : vB = |!c/qc|
<latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit>

hTxy(�!,�qz), Txy(!, qz)i
<latexit sha1_base64="m9XFSg5saZjQ11agMmNxjWCZonI=">AAACInicjZBLSwMxFIUz9VXrq+rSTbAIFdoyFUHdFd24rNAXdMqQSW+noZnMmGTEOvS3uPGvuHGhqCvBH2P6QFQUPBA4fOdekhwv4kxp236zUnPzC4tL6eXMyura+kZ2c6uhwlhSqNOQh7LlEQWcCahrpjm0Igkk8Dg0vcHZOG9egVQsFDU9jKATEF+wHqNEG+RmTxxOhM8B19zkejjC+aITBuCTQvHSvdkvfOIZHUNHTjbcbK5csifCf5scmqnqZl+cbkjjAISmnCjVLtuR7iREakY5jDJOrCAidEB8aBsrSACqk0y+OMJ7hnRxL5TmCI0n9OtGQgKlhoFnJgOi++pnNoa/Ze1Y9447CRNRrEHQ6UW9mGMd4nFfuMskUM2HxhAqmXkrpn0iCdWm1cz/SmgclMrGXxzmKqezOtJoB+2iPCqjI1RB56iK6oiiW3SPHtGTdWc9WM/W63Q0Zc12ttE3We8frEejIg==</latexit><latexit sha1_base64="m9XFSg5saZjQ11agMmNxjWCZonI=">AAACInicjZBLSwMxFIUz9VXrq+rSTbAIFdoyFUHdFd24rNAXdMqQSW+noZnMmGTEOvS3uPGvuHGhqCvBH2P6QFQUPBA4fOdekhwv4kxp236zUnPzC4tL6eXMyura+kZ2c6uhwlhSqNOQh7LlEQWcCahrpjm0Igkk8Dg0vcHZOG9egVQsFDU9jKATEF+wHqNEG+RmTxxOhM8B19zkejjC+aITBuCTQvHSvdkvfOIZHUNHTjbcbK5csifCf5scmqnqZl+cbkjjAISmnCjVLtuR7iREakY5jDJOrCAidEB8aBsrSACqk0y+OMJ7hnRxL5TmCI0n9OtGQgKlhoFnJgOi++pnNoa/Ze1Y9447CRNRrEHQ6UW9mGMd4nFfuMskUM2HxhAqmXkrpn0iCdWm1cz/SmgclMrGXxzmKqezOtJoB+2iPCqjI1RB56iK6oiiW3SPHtGTdWc9WM/W63Q0Zc12ttE3We8frEejIg==</latexit><latexit sha1_base64="m9XFSg5saZjQ11agMmNxjWCZonI=">AAACInicjZBLSwMxFIUz9VXrq+rSTbAIFdoyFUHdFd24rNAXdMqQSW+noZnMmGTEOvS3uPGvuHGhqCvBH2P6QFQUPBA4fOdekhwv4kxp236zUnPzC4tL6eXMyura+kZ2c6uhwlhSqNOQh7LlEQWcCahrpjm0Igkk8Dg0vcHZOG9egVQsFDU9jKATEF+wHqNEG+RmTxxOhM8B19zkejjC+aITBuCTQvHSvdkvfOIZHUNHTjbcbK5csifCf5scmqnqZl+cbkjjAISmnCjVLtuR7iREakY5jDJOrCAidEB8aBsrSACqk0y+OMJ7hnRxL5TmCI0n9OtGQgKlhoFnJgOi++pnNoa/Ze1Y9447CRNRrEHQ6UW9mGMd4nFfuMskUM2HxhAqmXkrpn0iCdWm1cz/SmgclMrGXxzmKqezOtJoB+2iPCqjI1RB56iK6oiiW3SPHtGTdWc9WM/W63Q0Zc12ttE3We8frEejIg==</latexit><latexit sha1_base64="m9XFSg5saZjQ11agMmNxjWCZonI=">AAACInicjZBLSwMxFIUz9VXrq+rSTbAIFdoyFUHdFd24rNAXdMqQSW+noZnMmGTEOvS3uPGvuHGhqCvBH2P6QFQUPBA4fOdekhwv4kxp236zUnPzC4tL6eXMyura+kZ2c6uhwlhSqNOQh7LlEQWcCahrpjm0Igkk8Dg0vcHZOG9egVQsFDU9jKATEF+wHqNEG+RmTxxOhM8B19zkejjC+aITBuCTQvHSvdkvfOIZHUNHTjbcbK5csifCf5scmqnqZl+cbkjjAISmnCjVLtuR7iREakY5jDJOrCAidEB8aBsrSACqk0y+OMJ7hnRxL5TmCI0n9OtGQgKlhoFnJgOi++pnNoa/Ze1Y9447CRNRrEHQ6UW9mGMd4nFfuMskUM2HxhAqmXkrpn0iCdWm1cz/SmgclMrGXxzmKqezOtJoB+2iPCqjI1RB56iK6oiiW3SPHtGTdWc9WM/W63Q0Zc12ttE3We8frEejIg==</latexit>

q0 2 R
<latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit>

scalar : !c = !(qc = iq0) = �i�L
<latexit sha1_base64="P3PRKhdpiznYapxyoXoifrezq6Y="></latexit><latexit sha1_base64="P3PRKhdpiznYapxyoXoifrezq6Y="></latexit><latexit sha1_base64="P3PRKhdpiznYapxyoXoifrezq6Y="></latexit><latexit sha1_base64="P3PRKhdpiznYapxyoXoifrezq6Y="></latexit>
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• pole-skipping exists at finite ’t Hooft coupling, and even for leading 1/Nc  

[Grozdanov (2019)] 

• for generic coupling and generic Nc, the situation is unknown; long-time tails, 
possible only early-time exponential growth, multiple Lyapunov exponents, …  

• at weak coupling, kinetic theory [Grozdanov, Schalm, Scopelliti, PRE (2018)] suggests 
connection to hydrodynamics; the status of pole-skipping is unknown 

• intriguing connection to the KSS bound: 
 
thus, one may speculate

vB = v1B (1 + �) ,
⌘

s
=

1

4⇡
(1 +�)

<latexit sha1_base64="8esLMPvhR0KNvaRLvR3qJVbG7E8="></latexit><latexit sha1_base64="8esLMPvhR0KNvaRLvR3qJVbG7E8="></latexit><latexit sha1_base64="8esLMPvhR0KNvaRLvR3qJVbG7E8="></latexit><latexit sha1_base64="8esLMPvhR0KNvaRLvR3qJVbG7E8="></latexit>

vB(� = g2YMNc ! 1, Nc)  vB(�, Nc)  1, with vB ! 1 as gYM ! 0
<latexit sha1_base64="kzK8z1ifocEzoPTaYjuCJAzTzOg="></latexit><latexit sha1_base64="kzK8z1ifocEzoPTaYjuCJAzTzOg="></latexit><latexit sha1_base64="kzK8z1ifocEzoPTaYjuCJAzTzOg="></latexit><latexit sha1_base64="kzK8z1ifocEzoPTaYjuCJAzTzOg="></latexit>
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B

�L
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B(� ! 1)

2⇡T
<latexit sha1_base64="GfMTq+MImA8j3xYb99heDW3vVco="></latexit><latexit sha1_base64="GfMTq+MImA8j3xYb99heDW3vVco="></latexit><latexit sha1_base64="GfMTq+MImA8j3xYb99heDW3vVco="></latexit><latexit sha1_base64="GfMTq+MImA8j3xYb99heDW3vVco="></latexit>

as a functions of coupling, then

P O L E - S K I P P I N G  AT  F I N I T E  C O U P L I N G  A N D  N C
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• (holographic) CFTs exhibit an infinite tower of pole-skipping points (scalars, 
currents, energy-momentum tensor components, fermions)  

• the frequencies are dominated by multiples of Matsubara frequencies   

• pole-skipping imposes constraints on the structures of correlators  

• example: 1+1 dimensional CFT dual to the BTZ black hole  
[Grozdanov, Kovtun, Starinets, Tadić (2019); Blake, Davison, Vegh (2019)]

• similar structure exists even at finite ’t Hooft coupling in N=4 SYM  
[Grozdanov (2018); Natsuume, Okamura (2019); Wu (2019)]

!n = �i2⇡Tn, kn,q = ±2⇡iT (n� 2q +�)
<latexit sha1_base64="ruHEZkeoGhCWCzXlvq0+6kznt0E=">AAACLHicjZBLSwMxFIUz9V1fVZduLhZBsZa2CLoRRF24VLBa6JQhk97W0CQzTTJCGer/ceNfEcSFIm79HaaPhYqCBwKH891LkhPGghtbKr16mYnJqemZ2bns/MLi0nJuZfXKRIlmWGWRiHQtpAYFV1i13AqsxRqpDAVeh52TAb++RW14pC5tL8aGpG3FW5xR66Igd+JHEts0UHAIu8Ch4sccLkEV4O4OOkGqCt2+Q34sR2gAt9RuBbqwA/4pCku3g1y+XCwNBX+bPBnrPMg9+c2IJRKVZYIaUy+XYttIqbacCexn/cRgTFmHtrHurKISTSMdfrYPmy5pQivS7igLw/TrRkqlMT0ZuklJ7Y35yQbhb6ye2NZBI+UqTiwqNrqolQiwEQyagybXyKzoOUOZ5u6twG6opsy6frP/K+GqUiw7f7GXPzoe1zFL1skG2SJlsk+OyBk5J1XCyD15JC/k1Xvwnr037300mvHGO2vkm7yPTwWgoyk=</latexit><latexit sha1_base64="ruHEZkeoGhCWCzXlvq0+6kznt0E=">AAACLHicjZBLSwMxFIUz9V1fVZduLhZBsZa2CLoRRF24VLBa6JQhk97W0CQzTTJCGer/ceNfEcSFIm79HaaPhYqCBwKH891LkhPGghtbKr16mYnJqemZ2bns/MLi0nJuZfXKRIlmWGWRiHQtpAYFV1i13AqsxRqpDAVeh52TAb++RW14pC5tL8aGpG3FW5xR66Igd+JHEts0UHAIu8Ch4sccLkEV4O4OOkGqCt2+Q34sR2gAt9RuBbqwA/4pCku3g1y+XCwNBX+bPBnrPMg9+c2IJRKVZYIaUy+XYttIqbacCexn/cRgTFmHtrHurKISTSMdfrYPmy5pQivS7igLw/TrRkqlMT0ZuklJ7Y35yQbhb6ye2NZBI+UqTiwqNrqolQiwEQyagybXyKzoOUOZ5u6twG6opsy6frP/K+GqUiw7f7GXPzoe1zFL1skG2SJlsk+OyBk5J1XCyD15JC/k1Xvwnr037300mvHGO2vkm7yPTwWgoyk=</latexit><latexit sha1_base64="ruHEZkeoGhCWCzXlvq0+6kznt0E=">AAACLHicjZBLSwMxFIUz9V1fVZduLhZBsZa2CLoRRF24VLBa6JQhk97W0CQzTTJCGer/ceNfEcSFIm79HaaPhYqCBwKH891LkhPGghtbKr16mYnJqemZ2bns/MLi0nJuZfXKRIlmWGWRiHQtpAYFV1i13AqsxRqpDAVeh52TAb++RW14pC5tL8aGpG3FW5xR66Igd+JHEts0UHAIu8Ch4sccLkEV4O4OOkGqCt2+Q34sR2gAt9RuBbqwA/4pCku3g1y+XCwNBX+bPBnrPMg9+c2IJRKVZYIaUy+XYttIqbacCexn/cRgTFmHtrHurKISTSMdfrYPmy5pQivS7igLw/TrRkqlMT0ZuklJ7Y35yQbhb6ye2NZBI+UqTiwqNrqolQiwEQyagybXyKzoOUOZ5u6twG6opsy6frP/K+GqUiw7f7GXPzoe1zFL1skG2SJlsk+OyBk5J1XCyD15JC/k1Xvwnr037300mvHGO2vkm7yPTwWgoyk=</latexit><latexit sha1_base64="ruHEZkeoGhCWCzXlvq0+6kznt0E=">AAACLHicjZBLSwMxFIUz9V1fVZduLhZBsZa2CLoRRF24VLBa6JQhk97W0CQzTTJCGer/ceNfEcSFIm79HaaPhYqCBwKH891LkhPGghtbKr16mYnJqemZ2bns/MLi0nJuZfXKRIlmWGWRiHQtpAYFV1i13AqsxRqpDAVeh52TAb++RW14pC5tL8aGpG3FW5xR66Igd+JHEts0UHAIu8Ch4sccLkEV4O4OOkGqCt2+Q34sR2gAt9RuBbqwA/4pCku3g1y+XCwNBX+bPBnrPMg9+c2IJRKVZYIaUy+XYttIqbacCexn/cRgTFmHtrHurKISTSMdfrYPmy5pQivS7igLw/TrRkqlMT0ZuklJ7Y35yQbhb6ye2NZBI+UqTiwqNrqolQiwEQyagybXyKzoOUOZ5u6twG6opsy6frP/K+GqUiw7f7GXPzoe1zFL1skG2SJlsk+OyBk5J1XCyD15JC/k1Xvwnr037300mvHGO2vkm7yPTwWgoyk=</latexit>

n 2 {1, 2, . . .}, q 2 {1, . . . , n}
<latexit sha1_base64="zNfjy6r1ZifCgaIxsQ1x5/o14Mo=">AAACFnicjVDLSsNAFJ3UV62vqEs3g0VwEUtSBF0W3bisYB/QhDKZTNqhk5k4MxFKaH/Cjb/ixoUibsWdf+P0gagoeODC4Zx7ufeeMGVUadd9twoLi0vLK8XV0tr6xuaWvb3TVCKTmDSwYEK2Q6QIo5w0NNWMtFNJUBIy0goH5xO/dUOkooJf6WFKggT1OI0pRtpIXfuIQ5+ayj2n6vgsElr5IweOx/D605jJDvdHXbvsVdwp4N+kDOaod+03PxI4SwjXmCGlOp6b6iBHUlPMyKjkZ4qkCA9Qj3QM5SghKsinb43ggVEiGAtpims4Vb9O5ChRapiEpjNBuq9+ehPxN6+T6fg0yClPM004ni2KMwa1gJOMYEQlwZoNDUFYUnMrxH0kEdYmydL/QmhWK57hl8fl2tk8jiLYA/vgEHjgBNTABaiDBsDgFtyDR/Bk3VkP1rP1MmstWPOZXfAN1usHdlmdsw==</latexit><latexit sha1_base64="zNfjy6r1ZifCgaIxsQ1x5/o14Mo=">AAACFnicjVDLSsNAFJ3UV62vqEs3g0VwEUtSBF0W3bisYB/QhDKZTNqhk5k4MxFKaH/Cjb/ixoUibsWdf+P0gagoeODC4Zx7ufeeMGVUadd9twoLi0vLK8XV0tr6xuaWvb3TVCKTmDSwYEK2Q6QIo5w0NNWMtFNJUBIy0goH5xO/dUOkooJf6WFKggT1OI0pRtpIXfuIQ5+ayj2n6vgsElr5IweOx/D605jJDvdHXbvsVdwp4N+kDOaod+03PxI4SwjXmCGlOp6b6iBHUlPMyKjkZ4qkCA9Qj3QM5SghKsinb43ggVEiGAtpims4Vb9O5ChRapiEpjNBuq9+ehPxN6+T6fg0yClPM004ni2KMwa1gJOMYEQlwZoNDUFYUnMrxH0kEdYmydL/QmhWK57hl8fl2tk8jiLYA/vgEHjgBNTABaiDBsDgFtyDR/Bk3VkP1rP1MmstWPOZXfAN1usHdlmdsw==</latexit><latexit sha1_base64="zNfjy6r1ZifCgaIxsQ1x5/o14Mo=">AAACFnicjVDLSsNAFJ3UV62vqEs3g0VwEUtSBF0W3bisYB/QhDKZTNqhk5k4MxFKaH/Cjb/ixoUibsWdf+P0gagoeODC4Zx7ufeeMGVUadd9twoLi0vLK8XV0tr6xuaWvb3TVCKTmDSwYEK2Q6QIo5w0NNWMtFNJUBIy0goH5xO/dUOkooJf6WFKggT1OI0pRtpIXfuIQ5+ayj2n6vgsElr5IweOx/D605jJDvdHXbvsVdwp4N+kDOaod+03PxI4SwjXmCGlOp6b6iBHUlPMyKjkZ4qkCA9Qj3QM5SghKsinb43ggVEiGAtpims4Vb9O5ChRapiEpjNBuq9+ehPxN6+T6fg0yClPM004ni2KMwa1gJOMYEQlwZoNDUFYUnMrxH0kEdYmydL/QmhWK57hl8fl2tk8jiLYA/vgEHjgBNTABaiDBsDgFtyDR/Bk3VkP1rP1MmstWPOZXfAN1usHdlmdsw==</latexit><latexit sha1_base64="zNfjy6r1ZifCgaIxsQ1x5/o14Mo=">AAACFnicjVDLSsNAFJ3UV62vqEs3g0VwEUtSBF0W3bisYB/QhDKZTNqhk5k4MxFKaH/Cjb/ixoUibsWdf+P0gagoeODC4Zx7ufeeMGVUadd9twoLi0vLK8XV0tr6xuaWvb3TVCKTmDSwYEK2Q6QIo5w0NNWMtFNJUBIy0goH5xO/dUOkooJf6WFKggT1OI0pRtpIXfuIQ5+ayj2n6vgsElr5IweOx/D605jJDvdHXbvsVdwp4N+kDOaod+03PxI4SwjXmCGlOp6b6iBHUlPMyKjkZ4qkCA9Qj3QM5SghKsinb43ggVEiGAtpims4Vb9O5ChRapiEpjNBuq9+ehPxN6+T6fg0yClPM004ni2KMwa1gJOMYEQlwZoNDUFYUnMrxH0kEdYmydL/QmhWK57hl8fl2tk8jiLYA/vgEHjgBNTABaiDBsDgFtyDR/Bk3VkP1rP1MmstWPOZXfAN1usHdlmdsw==</latexit>

hO(!, k)O(�!,�k)iR
<latexit sha1_base64="PVjuQagbEolJh9+uJTsTjrbitFc="></latexit><latexit sha1_base64="PVjuQagbEolJh9+uJTsTjrbitFc="></latexit><latexit sha1_base64="PVjuQagbEolJh9+uJTsTjrbitFc="></latexit><latexit sha1_base64="PVjuQagbEolJh9+uJTsTjrbitFc="></latexit>

� = 2.5
<latexit sha1_base64="ijd+Kvj1LuzbaUjl5XGMY2oCHBg=">AAAB83icjVDLSgNBEOyNrxhfUY9eBoPgKewGRS9CUA8eI5gHZJcwO+lNhszOLjOzQljyG148KOLVn/Hm3zh5HFQULGgoqrrposJUcG1c98MpLC2vrK4V10sbm1vbO+XdvZZOMsWwyRKRqE5INQousWm4EdhJFdI4FNgOR1dTv32PSvNE3plxikFMB5JHnFFjJd+/RmEouSC16mmvXPGq7gzkb1KBBRq98rvfT1gWozRMUK27npuaIKfKcCZwUvIzjSllIzrArqWSxqiDfJZ5Qo6s0idRouxIQ2bq14ucxlqP49BuxtQM9U9vKv7mdTMTnQc5l2lmULL5oygTxCRkWgDpc4XMiLEllClusxI2pIoyY2sq/a+EVq3qWX57UqlfLuoowgEcwjF4cAZ1uIEGNIFBCg/wBM9O5jw6L87rfLXgLG724Ruct0/yNZBN</latexit><latexit sha1_base64="ijd+Kvj1LuzbaUjl5XGMY2oCHBg=">AAAB83icjVDLSgNBEOyNrxhfUY9eBoPgKewGRS9CUA8eI5gHZJcwO+lNhszOLjOzQljyG148KOLVn/Hm3zh5HFQULGgoqrrposJUcG1c98MpLC2vrK4V10sbm1vbO+XdvZZOMsWwyRKRqE5INQousWm4EdhJFdI4FNgOR1dTv32PSvNE3plxikFMB5JHnFFjJd+/RmEouSC16mmvXPGq7gzkb1KBBRq98rvfT1gWozRMUK27npuaIKfKcCZwUvIzjSllIzrArqWSxqiDfJZ5Qo6s0idRouxIQ2bq14ucxlqP49BuxtQM9U9vKv7mdTMTnQc5l2lmULL5oygTxCRkWgDpc4XMiLEllClusxI2pIoyY2sq/a+EVq3qWX57UqlfLuoowgEcwjF4cAZ1uIEGNIFBCg/wBM9O5jw6L87rfLXgLG724Ruct0/yNZBN</latexit><latexit sha1_base64="ijd+Kvj1LuzbaUjl5XGMY2oCHBg=">AAAB83icjVDLSgNBEOyNrxhfUY9eBoPgKewGRS9CUA8eI5gHZJcwO+lNhszOLjOzQljyG148KOLVn/Hm3zh5HFQULGgoqrrposJUcG1c98MpLC2vrK4V10sbm1vbO+XdvZZOMsWwyRKRqE5INQousWm4EdhJFdI4FNgOR1dTv32PSvNE3plxikFMB5JHnFFjJd+/RmEouSC16mmvXPGq7gzkb1KBBRq98rvfT1gWozRMUK27npuaIKfKcCZwUvIzjSllIzrArqWSxqiDfJZ5Qo6s0idRouxIQ2bq14ucxlqP49BuxtQM9U9vKv7mdTMTnQc5l2lmULL5oygTxCRkWgDpc4XMiLEllClusxI2pIoyY2sq/a+EVq3qWX57UqlfLuoowgEcwjF4cAZ1uIEGNIFBCg/wBM9O5jw6L87rfLXgLG724Ruct0/yNZBN</latexit><latexit sha1_base64="ijd+Kvj1LuzbaUjl5XGMY2oCHBg=">AAAB83icjVDLSgNBEOyNrxhfUY9eBoPgKewGRS9CUA8eI5gHZJcwO+lNhszOLjOzQljyG148KOLVn/Hm3zh5HFQULGgoqrrposJUcG1c98MpLC2vrK4V10sbm1vbO+XdvZZOMsWwyRKRqE5INQousWm4EdhJFdI4FNgOR1dTv32PSvNE3plxikFMB5JHnFFjJd+/RmEouSC16mmvXPGq7gzkb1KBBRq98rvfT1gWozRMUK27npuaIKfKcCZwUvIzjSllIzrArqWSxqiDfJZ5Qo6s0idRouxIQ2bq14ucxlqP49BuxtQM9U9vKv7mdTMTnQc5l2lmULL5oygTxCRkWgDpc4XMiLEllClusxI2pIoyY2sq/a+EVq3qWX57UqlfLuoowgEcwjF4cAZ1uIEGNIFBCg/wBM9O5jw6L87rfLXgLG724Ruct0/yNZBN</latexit>

[plot from Blake, Davison, Vegh (2019)]
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• further applications of complex analysis and algebraic geometry methods to 
studies of thermal and quantum spectra 

• pole-skipping or its generalisation in perturbative, weakly coupled QFTs  
through our kinetic theory for quantum many-body chaos  
[Grozdanov, Schalm, Scopelliti, PRE (2018)] 

• what is the physical meaning of pole-skipping? 

• other new (complex) analytic properties of hydrodynamics and thermal spectra 

• experimental signatures such pole-skipping or its generalisations? 

• towards rigorous proofs of various bounds, monotonicity statements, etc.  

• a better understanding of all aspects of physics for generic Nc; quantum gravity,  
hydrodynamic long-time tails  
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